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1 Modular forms of level one

1.1 Two examples

Modular forms have been for a while a central object in number theory. They have connec-
tions to many research areas: arithmetic, combinatorics, analysis, geometry, representation
theory,...Since they appear essentially everywhere you look at, it is quite reasonable to wish to
understand them.

Here is a not too serious reason: have you ever tried to calculate e™163? It turns out that it
is

e™163 = 262537412640768743.999999999999250072597 ...

which seems too close to an integer to be a coincidence. That is, until you learn about modular
forms: it turns out that this number is related to a value of a modular funtion (the j-function),
which is known to be an integer.

In this introduction I give two more examples that hopefully convince the reader of the
importance of modular forms in number theory. You can find many more examples in [1,
Chapter 1].

1.1.1 Partitions and Ramanujan’s 7-function

For each n > 0, define the partition function p(n) as
p(n) = #{ways of representing n as a sum of natural numbers }.

As a convention, p(0) = 1. Also, note that:

p(1) =1

p(2) =2=#{1+1,2}

p(3)=3=#{1+1+1,1+23}
pA)=5=#{1+14+1+1,1+1+2,1+3,2+24}
pB)=T=#{1+1+14+1+1,1+14+1+2,1+14+3,1+4,1+2+2,2+3,5}



In order to package all these numbers we may consider the following formal powers series:
oo
=> p(n)g"
n=0
where we think of ¢ as a formal variable.

Lemma 1.1. There is an infinite product decomposition

s 1

m=1

Proof. We need to look at the right-hand side. Each of the factors can be written as > >
so the right-hand side looks like
11> o

m=1 k=0

kOq

Now we collect the terms contributing to ¢™, for a fixed n. These come from taking 1 from all

but finitely many of the infinite sums, and then collecting ¢*1™1, gF2™2, ... ¢¥+™ from r other

factors. This is subject to the condition
klml + k2m2 + -+ k,,.m,r. =n,

and note that the m, are all different because they are taken from different factors. There are
exactly p(n) such choices, as we wanted to show. O

In view of the previous lemma, a convenient way to study the partition function is through
another very popular function, defined by the following infinite product:

[ee]

SICEvaR

Note that we have:

_ M ny24 _ q[I(1—q") - nal
—QH(l—Q) Hl——q (Hl—q 5)2?(”)(1 :

We define the Ramanujan’s tau function as the Fourier coefficients of A. That is,

= 7(n)g"

n=1

Later in this course you will be able to prove the following striking result.



Theorem 1.1. For each n > 1, we have:

T(n)=>) d" (mod 691).
d

Moreover, the partition function satisfies the following congruences:
p(bn+4)=0 (mod5), Vn,

p(Tn+5)=0 (mod?7), Vn,
p(1ln+6) =0 (mod 11), Vn.

1.1.2 A modular form of level 11 that knows about congruences

Consider another modular form:

F@=qJJ0 -0 =" =q—2¢* — ¢+ 2¢* + " +2¢° + =D _a(n)q".
n=1 n=1

Theorem 1.2.
1. a(nm) = a(n)a(m) whenever (n,m) = 1.

2. |a(p)| < 24/p for all prime p.

Consider the equation:
E:Y?24+Y =X3—-X?-10X — 20,

and let N(p) be the number of solutions in [F,,. Heuristically we should think that N(p) ~ p.
Theorem 1.3. |[p— N(p)| < 2,/p.

The theory of modular forms allows to prove that the £ and f “correspond” to each other:
Theorem 1.4. For all primes p, we have a(p) = p — N(p).

This allows us to easily calculate (from f) what is N(p) for all p. We say in this case that E
“is modular”. In [3] you can learn how to attach an elliptic curve to a modular form (this is
called the “Eichler—Shimura” construction). It is much harder to reverse this process, and this
is what A.Wiles did in order to prove Fermat’s Last Theorem.



1.2 The upper half-plane

This section introduces the seemingly innocuous upper half-plane H.

Definition 1.1. The upper half-plane H is the set of complex numbers with positive imaginary
part:
H={z=az+iy|J(z) > 0}.

The upper half-plane appears in the classification of Riemann surfaces: there are only three of
them which are simply connected which are the complex plane, the complex sphere, and H.

The general linear group GLy(R) consists of all 2 x 2 invertible matrices with entries in R. It
contains the subgroup GL3 (R) of matrices with positive determinant. The SL,(R) C GL3 (R)
consists of those matrices with determinant 1. For v = (2 %) € GLy(R) and z € H, define vz

as: )
a b az +
vz = (c d) =T (1.1)

Lemma 1.2. Let v = (2}) € GLy(R). Then:
- det ~ a b
367) = e, = (2 )

- leT + d|?

Proof. One just needs to compute

- _ar+b _((aT +b)(cT +d)
J<7T)_J<CT+CZ)_ ( leT +d|?
J(ac|T|* + adr + beT + bd)  adI(1) — beI(T)

ler +d|? B ler +d|?

Corollary 1.1. GLj (R) acts on the left on H.

Note that the determinant gives a decomposition

GL3 (R) = SLy(R) x R,
and since the scalar matrices (those of the form (3 9)) act trivially on H, from now on we will
restrict our attention to SL,(R). In fact, since the scalar matrix (' % ) belongs to SL,(R),
the above action on H factors through PSL,(R) = SL,(R)/{%1}, which is called the .

From this action we can deduce a right action on functions on H, by precomposing;:

(f - N(z) = f(va).

However, we will need slightly more general actions on functions, but before we introduce a
piece of notation that will later prove useful.



Definition 1.2. The j-function is the function
j: GL3(R) x H— C
given by:

. a b
J(v,2) = cz+d, 7:(0 d)-

The following lemma gives a very interesting property of the automorphy factor.

Lemma 1.3. For every 7y, v, in GL3 (R) and for every z € H we have:
J(nve, 2) = (11, 7122)3 (V2 2)-

Finally, we define an action of GL3 (R) on functions f: H — C, for each k € Z.

Definition 1.3. The slash operator is defined as
(flx1)(2) = (det 7)* iy, 2)7F f(y2).

The cocycle property and the multiplicativity of the determinant implies that if f is a function,
then:

flenya) = (Flen)lkre: V71,72 € GL3 (R).

That is, for each k the weight-k slash operator defines an action of GLj (R) on functions on the
upper-half plane.

1.2.1 Group-theoretic description of H

Recall that SLy(R) acts on H. If 7 = x + iy € H, then define
o= ().

Note that s.i = 7, and therefore SLy(R) acts transitively on H.

Lemma 1.4. The stabilizer in SLy(R) of i is the compact subgroup of SLy(R):

SO, (R) = {(COSH _Siw) 16 [o,zﬂ]}

sinf@ cos6



Proof. Let g = (2%) € SLy(R) stabilize . That means that:

ai+b .
:Z,
ci+d

or equivalently that
ai +b=—c+di.

Since the entries of g are real, this means that a = d and b = —c. Therefore g = ( % °). Since
moreover det(g) = a? 4+ b? = 1, we deduce that g € SO, (R). O

The lemma gives a bijection:
H— SLy(R)/SO4(R), 7 s,.SO5(R),

whose inverse maps g SO, (R) — g - i.

1.2.2 The quotient SL,(Z)\H as a topological space

We end this section by showing that the quotient SL,(Z)\H is a Hausdorff space.

Lemma 1.5. Let U; and U, be two open sets in H. Then the set

S ={y€8Ly(2) | YU; N, # 0}
is finite.
Proof. First observe that the matrices s, and s, both send i to y7. By the identification
H = SLy(R)/ SO5(R) we deduce that s, SOy (R) = s.,.SO5(R). Given two points 7y and 7,
of H, we have y7; = 7, if and only if s, SO,(R) = s, SO,(R). We have just seen that the

left hand side equals vs, SO,(R). We deduce that y7; = 7, if and only if ¥ belongs to the
conjugate: s, SOZ([R)s;ll. Therefore the set S is a subset of the set

{v € SLy(2) | 71U, N U, # 0}

which in turn can be written as
_ -1
SLy(Z) N sg, SOQ([R)SUI.
Since SL,(Z) is discrete and the other term is compact, the intersection, and hence S, is
finite. O
Proposition 1.1. The action of SL,(Z) on H is proper discontinuous. That is, given any Ty,

Ty in H, there are neighborhoods U, and U, such that for each v € SLy(Z) either

10



1. vy =1y, or

Proof. Let U, and U, be any two neighborhoods of 7, and 7,, and let v € S. If yv7; = 7, then
we do not need to do anything. Otherwise, if yU; N U, # () then we may replace U, with V,
and U, with vV, if VNV, =0, 7, € V, and y7;, € V;:
Uy
’}/Ul """ -
Va
Vi -

17

Figure 1.1: Shrinking the neighborhoods

Since the set of v such that these intersections are nonempty is finite, this process terminates
after a finite number of steps and will leave us with the right neighborhoods. O

Corollary 1.2. The quotient Y (1) = SLy(Z)\H is Hausdorff.

Proof. Pick m() # m(1y) in Y(1), and let U; and U, be neighborhoods as in the Proposition.
For every v € SL,(Z) we have y1; # 7, by the choice of 7; and 7,. Therefore for every
v € SLy(Z) we have vU, N Uy = @. Therefore m(U;) N w(Uy) = 0. It remains to show that
m(U;) is an open set. Indeed, if U C H is an open set, then

1

77 (U)) = Uyesr, 27U

is a union of open sets. Therefore it is open. We have showed that 7(U) is open (because of
the quotient topology). Therefore each of the w(U;) is open, as we wanted to show. O

11



1.3 Basic definitions of modular forms

Let SL,(Z) C SLy(R) be the subgroup of matrices with entries in Z (and determinant 1), which
of course still acts on functions as we have seen.

Definition 1.4. A holomorphic function f: H — C is called weakly modular of weight k € 7
for SL,(Z) if f|,y = f for all v € SLy(Z). Explicitly:

f(v-2)=j(v,2)kf(2), Vv eSLy(2Z). (1.2)

Note that since —I € SL,(Z), then there are no non-zero weakly-modular functions of odd
weight:
f(z) = (=D f(z) = f=0.

We will need an extra analytic property to define modular forms for SL,(Z). For now, note
that:
d(y - 2)

dz

so we can rewrite the weakly-modular property by asking that the differential f (z)(dz)k/ 2 s
invariant under SLy(Z). It also shows that if Equation 1.2 holds for 7, and ~,, then it also
holds for ~v;7v,.

= .7(71 Z>727

We will see later (see Corollary 1.3) that SL,(Z) is generated by the matrices T = (} 1) and
S = (9). Together with the previous observation, this implies that for fto be weakly-modular
it is enough to check Equation 1.2 for T"and S:

fz+1) = f(2), f(=1/2) = 2"f(2).

The transformation property (rather, the fact that f(z+1) = f(z)) implies that f has a Fourier
expansion. Another way to think about it is that there is a holomorphic map:

exp: H— {0 < |q| <1}, 2zt q=e*=

If fis holomorphic and 1-periodic, then we can define g(q) = f(z). That is, we may define:
B log ¢
g(q)—f(m),

where we may choose any branch of the logarithm because of the periodicity of f. The function
g is holomorphic on D’, and thus it has a Laurent expansion

9(g) = > aln)g"
Therefore f has an expansion
fE) =Y afmyerns

12



Definition 1.5. We say that fis meromorphic at infinity (respectively holomorphic at infinity)
if f(z) =>_ ., a(n)q" (respectively if in addition ny = 0).
2N

Note that checking that fis holomorphic at infinity is the same as checking that f(z) is bounded
as z approaches ioo. If fis holomorphic at infinity, then the value of f at infinity is defined to
be f(oo) = a(0).

Definition 1.6. We say that fis cuspidal if ny = 1. Equivalently, if f(co) = 0.

Definition 1.7. Let k € Z and let f: H — C. We say that fis a modular form of weight k
for SLy(Z) if:

1. fis holomorphic,

2. f(yz) = (cz+ d)*f(2) for all v = (2 4) € SLy(Z), and

3. fis holomorphic at infinity.

A cusp form is a modular form which vanishes at infinity.

The space of modular forms of weight & is written M, = M, (SLy(Z)), and it contains the space
of cusp forms of weight k, which in turn is written S, = S, (SLy(Z)).

Remark 1.1. If we replace “holomorphic” with “meromorphic” above, we obtain what can be
called an automorphic form. Other authors call them modular functions, but this name is used
in different contexts and we will avoid it.

Note that both M; and S; are C-vector spaces. Also, multiplication of functions gives
M = @kez M, the structure of a graded ring. That is, M, M, C M, . Finally, for all odd k
one has M, = {0}.

1.4 Eisenstein series

For k > 3, define

' (mz +n)~".
2

Gi(z) =
(

m,n)eZ

Proposition 1.2. For all k > 3, the function G, (z) is a weight-k modular form, with
G, (00) = 2((k), where  is Riemann’s zeta function.

In order to prove the above result, we will need to auxiliary lemmas.

13



Lemma 1.6. If k> 2, the series

max(c,d) "
(c,d)#(0,0)

converges absolutely.

Proof. Consider the partial sum of the series in the box {|c| < N, |d| < N}. We can explicitly

compute this sum, which equals
N

2n+1
=1

n

Evaluating this sum we obtain the exact value (k) + 2¢(k — 1). O

Lemma 1.7. Given positive real numbers A >0 ¢ B > 0, consider the compact set
Q={zeH:|R(z)| <Az > B}
There exists a constant C = Cy g such that

|z + 8] > Lmax(1,]d]), VdeR.

Proof. If || < 1, then |z 4 6| > B = Bmax(1,|d]). If 1 < |0] < 10A, then if J(z) > A we have

18]
i > A>
|z 4+ 6| > 10’
and if B < Jz < A then the function
z—|—5‘
)

has an absolute minimum m in the compact set 1 < [§] <1041 B <7z < A.
Finally, if |§| > 10A, then

9
2+ 8] > |6] — |2] > 6] — A > —14].
10
O

of the proposition. First, we need to show the convergence of the series for all z. In order to
simplify notation, we will restrict the sum to the pairs in the first quadrant. Restricting further
the double sum to pairs in the box {0 < ¢,d < N}, we have on one hand

N

N N
Zd"“+ZZ cz+d)”

d=1 c=1 d=1



The first summand is bounded by (k) and so we will ignore it. By restricting z to the compact
2, p as above, the second summand can be rewritten as

N N N N
cFlz+d/c|™F < cFLFmax(1,d7*/cF)
c=1 d=1 c=1 d=1
N N
=Lr Z Z max(c,d)*.
c=1 d=1

By the first lemma, this series converges absolutely. We have already seen that it also converges
absolutely in compact sets that cover all of H, and thus we deduce that it converges to a
holomorphic function on H.

In order to compute G (c0), we take the limit as J(z) — oo, which can be done while keeping
z € D. In this case, thanks to the uniforme convergent of the series, we can take the term-wise
limit. All terms with ¢ # 0 tend to zero, so we get

lim G, (2) = > nF = 2((k).
n#0

Proposition 1.3. For each k > 3 the holomorphic function G, is weakly modular.

Proof. Let v = (%) be a matrix in SLy(Z). We compute

’ az+b —k
Gr(vz) = m +n
§ (%;n) ( cz+d )
= Z /(cz +d)* (m(az +b) +nlcz + d))*lc
(m,n)
= (cz+d)* Z ' ((am + cn)z + (bm + dn))fl€ )

(m,n)

Note that the pair (am + c¢n,bm + dn) is the result of multiplying the row vector (m,n) by the
matrix (¢ %). Since (¢Y) is invertible, the pair (am + ¢n,bm + dn) runs through all values
of 72 as (m,n) does. Therefore, by reordering the sum (which we can do thanks to absolute

convergence) we get:

Gp(y2) = (cz+d)F 3" (m/z+0') " = (cz + d)* G (2),

(m/,n’)

as wanted. O

We have already seen that G, is holomorphic at infinity, and in fact we know its value there.
The next task will be to compute its Fourier series. We start by introducing the Bernoulli
numbers, which appear in the Fourier series for G,.

15



Definition 1.8. The Bernoulli numbers are defined ! by:

o0 k 2 4
T T 1 lz 1z
v —1 ,;0 ! 2" 62 3024 (1-3)

Recall the definition of Riemann’s zeta function
=1
CEDIE L RS
It has a simple pole of residue 1 at s = 1, and extends to a meromorphic function on C,
holomorphic on €\ {1}. The Bernoulli numbers appear also naturally in the formulas:

=1 (2mi)* B, B,
C(kz):;ﬁ:— s YE22 ((-m)=—"" Vn>1 (1.4)
An odd prime p is called if p does not divide the numerator of By, By,..B,, 3. This is equivalent
to p not dividing the class number of Q({/1). Under this assumption, Fermat’s Last Theorem
was proved by Kummer around 1850, and probably by Fermat himself. Although Siegel
conjectured that about 60% of primes are regular, it is not know even whether there are

infinitely many of them.

We will derive the Fourier expansion of GG, from that of the cotangent:

Lemma 1.8. The following identity of holomorphic functions holds.
oo
1

1 1 b ,
z+dz=;(z—d+z+d> zwcot(wz):m'—%m'qu, q = e*™z,

m=0

Proof. Consider Euler’s product formula for the sine function:

()

n=1

Taking the logarithmic derivative of this equation yields

t(r2) 1+§’: 2z 1+§:< 1 N 1)
meot(mz) = = — == )
z d:122—n2 z 4= \z—d z2+d

On the other hand, we can use the expression of sin and cos in terms of the exponential function
to write:

imz 4 o—iTz

COS(WZ) ef .€i7rz + e—iﬂ'z
mweot(mz) = Wsin(WZ) e L T ———

21

) e—irrz ) 1

!These are called “first Bernoulli numbers”, and differ by a sign from those defined originally by Bernoulli.

16



27z and the formula follows from the identity

= :E: qm, ’q‘(< L.

m=0

Finally, write g = e

Lemma 1.9. For each k > 2 we have

1 _ <_27Ti)k - -1
D z+dF  (k—1)! >

deZ " n=

Proof. From Lemma 1.8 we have
1 o
2

Differentiating both sides with respect to z gives

;J*i((:d)”(z;o) ~{2m) qu

d=1

oo
=i — 2mi d = ¢2miz,
z+d> ;q 1

Since each of the terms in the infinite sum of the left hand side converges absolutely, we can
reorder the series and obtain the identity

1
> g o S
= (2 +d)?
This is proves the formula for £k = 2. The identity for general k follows by induction, by
differentiating the identity for k — 1. O

We have finally all the ingredients to prove the sought expansion. As a piece of notation for
the next result, for m > 0 the is:
Saa

d|n

Theorem 1.5. Let k > 4 be even. Then

2k o

Gi.(2) = 20(k) Ey(2), where Ey(2) =1 — B, 2 op1(n)q" € Qlq].

17



Proof. Consider now k > 4 and calculate

, 1
Gel2) = ) (et )k Z *ZZ (mz + n)*

(m,n)ez? n#O m;éO nez

+QZZ (mz+n)k

m=1 nEZ

Here we have used the definition of Riemann’s zeta function at k and the fact that k is even.
Using now the formula of Lemma 1.9 where z gets substituted by mz, we can replace the second
term, and obtain the formula

k oo oo

G.(z) +22(k2m'zdk1dm)_2c() 2m szkl

=1d=1

Finally, group the terms in the inner sum that contribute to ¢". These consist of all pairs of
positive integers (m,d) such that md = n. That is, for each n we must consider all divisors d’

of n, and we can rewrite:
k—1 md
> Z d Z 7

m=1 d=

This gives the desired expansion, by using Equation 1.4. O

Example 1.1. Define the
E, = 1+24()Za3 n)q" € M,

n=1

and
Ey=1 —504205 n)q" € M.
Since both E and E? are both in Mj,, its difference is also there. Computing we see that
E} —E2 = (14720 + ) — (1 —1008q + ) = 1728q + -+ € Sy,
and thus we may define

B} E2

Alz) = =70

=q—24q¢% +252¢% + -,

which is a cusp form of weight 12.

18



1.5 Fundamental domains

1 ~1/2 f/2

L

Figure 1.2: Fundamental domain for SL,(Z)

Definition 1.9. Let I be a group acting on H. A for I" is closed subset D C H such that

1. The set D is the closure of its interior.

2. Every point in H is I'-equivalent to a point of D.

3. If z,2" € D are two distinct points which are I'-equivalent then they lie on the boundary
of D.

Theorem 1.6. The subset D of H as above is a (connected) fundamental domain for SLy(Z).
Moreover the stabilizer H, of a point z € D in SL,(Z) is

Co=(ST)=((17")) =2=p,
L _G=as =) z=psl.
ToC=8) =) 2=

Co=(-I)=(( %)) else

19



Proof. Let z € H. We have seen that, if v € SLy(Z), then

- _J(2) _fa b
J(’Yz)_ ‘CZ—i—d‘z’ Y= (C d)

There are finitely many pairs (¢, d) € Z? such that |cz + d| < 1. In particular, one can choose
a matrix v € (5,T) C SLy(Z) such that

J(vz) > 3(v'2), Vv €(S,T)C SLy(Z).

By premultiplying v by an appropriate power of T' (which does not change the imaginary part),
we may and do assume that |R(y2)| < 3. We will now show that [yz| > 1:

3092) 2 3(873) = 3(=1/7) = T3,

This implies |yz| > 1, and hence vz € D, thus proving (1).

In order to show (2), suppose that z’ = 7z and both z and 2’ lie in 2. Without loss of
generality, we may assume that J(yz) > J(z), or equivalently that

lcz +d|? = |ex +d|? +|cy]? < 1. (we write z = = + iy).

Since y > 1/2, this implies that |¢|] < 1. The case ¢ = 0 gives that |d| < 1 and since
(2 %) € SL,(Z) this means that v = + (3 %), a translation matrix. Therefore 2’ = z + 1.

Let us suppose that ¢ = 1 (the case ¢ = —1 is completely analogous). Then the condition
|z + d|?> < 1 is only satisfied when |z| = 1 (d = 0), when 2 = p (d = 1), or when z = p + 1
(d = —1), giving (2).

To study the stabilizers of points z € D, we can use the calculations that we have used to show
(2). If vz = z, then necessarily ¢ = 41, and by changing v to —y we may assume ¢ = 1. The
quadratic equation given by vz = z gives that |a + d| < 2, so |a + d| < 1. At the same time,
the fact that z € D gives |a — d| < 1. Together, these two inequalities give |a|] < 1. We obtain
the following possibilities:

5 z 2/ =~z fixed points
+(59) all z all
+(51) R(z)=—1 z2+1 none
+(¢ ) R(z) =1 z—1 none
+(970) 2| =1 —1/z i
+(71 )£ p p p
+( o)1) pHtl pHl pr1
By studying this table we conclude the classification of stabilizers. O
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Corollary 1.3. The group SLy(Z) is generated by the matrices T and S.

Proof. Let z, be a point in the interior of D. Given y € SLy(Z), the theorem provides a matrix
§ € (T, S) such that 6y 1z, € D. Therefore vy 12z, = z, and hence §y ! = +1. Since S? = —1I,
we are done by possibly multiplying § by S2. O

1.6 Valence formula

Let f be a meromorphic function on some open subset of H. Write v,(f) for the order (or
valuation) of fat p € HU {oco}. This is the unique integer n such that (z —p)~"f(z) is
holomorphic and non-vanishing at p. If n is positive we say that f has a zero of order n, and if
n is negative we say that f has a pole of order —n. If f is weakly modular and meromorphic at
infinity, then also define v (f) = ny if

flo)="Y" a,q", a, #0.

n>ng

Next, suppose that f has a Laurent expansion of the form

@) =3 eulz—p)"

n>ng

The of f at pis res,(f) = c_; € C. One can calculate the order of f at p by using residues,
using the following lemma.

Lemma 1.10. If f is a meromorphic function around a point p, then
res, (f'/f) = v,(f)-

Proof. 1f v, (f) = n, write f(z) = (z — p)"g(z) with g(z) holomorphic and non-vanishing at p.
Then calculate the residue of f’/f by hand. O

We recall without proof two basic results of complex analysis.

Theorem 1.7. Let g be a holomorphic function on an open subset U C C and let C be a

contour in U. For each p € U,
/ Mclz = 27ig(p).
c*®7P

Corollary 1.4. Let C(p,r,a) be an arc of a circle, of radius r and angle o around a point p.
If g is holomorphic at p, then

lim /C( Mclz = aig(p).

"0Jep,ra) TP
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The following result relates the contour integral of the logarithmic derivative of f to the orders
of f at the interior points.

Theorem 1.8. Let f be a meromorphic function on an open subset U C C and let C' be a
contour in U not passing through any zeros or poles of f. Then:

PG g o v
/Cf(z)dz_2 > v

z€int(C)

Corollary 1.5. Let C(p,r,«) be an arc of a circle, of radius r and angle o around a point p.
If f is meromorphic at p, then

. PGy
hm/c dz = aiv,(f).

r—0 (p,r ) f(z>

We will study weakly modular meromorphic functions f: H — C. In this case, the order of
vanishing makes sense in SL,(Z)-orbits: suppose that f has weight k. Then an easy computation
shows that, for v € SL,(Z),

lim (2—3p) ™" f(2) = j(7,p)* 2" Jim (z —p) ™" f(2).

Z—>Yp

But note now that j(v,p) is nonzero because p ¢ QU {oo}. We conclude that v, (f) = v,,(f).

Theorem 1.9. Let f be a non-zero weakly modular meromorphic form of weight k on SLy(Z).

Then:
v gu)F 30N+ Y =y

2 T€SLy (Z)\H
Here the sum runs through the orbits in SLy(Z)\H other than those of i and p.

Before proving this theorem we will see how helpful it is in studying the spaces of modular
forms.

Theorem 1.10.
1. M, ={0} ifk <0 ork=2.
2. 5, ={0} if k < 12.
3. M, =C.
4. S1, = CA.

Proof. Proof.
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1. Since the left-hand side of the valence formula is non-negative, the right hand side must
be non-negative too, hence k > 0. If k = 2, then we get 1/6 on the right-hand side.
However, the left-hand side is a sum of non-negative multiples of 1, 1/2 and 1/3, thus a
contradiction.

2. If 0# f € S,, then v (f) > 1. Therefore the valence formula gives k& > 12.

3. Let f € M. Since the constant function g = f(co) also belongs to M, the difference
f — g belongs to S, = {0}. Therefore f = g is constant, and M, = C is the space of
constant functions on H.

4. If f € Sy, then v (f) > 1. Therefore by the valence formula v (f) = 1 and f has no
other zeros or poles. Define

Then g(z) € Sy, and g(i) = 0. If g is non-zero, then the valence formula applied to g
would give a contradiction because v, (g) > 1 and v,;(g) > 1. Therefore g =0 and fis a
multiple of A.

O]

Corollary 1.6.

1. For all k, we have S),_ 15 = AM,,.
2. For k > 4 we have
M, = (CE,) ® S,
3. If k is odd or negative then M, = {0}. For each even k > 2, we have:

| £ k=2 (mod 12),

dim(Mk):{l‘i'hsz k%2 (mod 12).

Proof. For k < 0 the first statement is trivial, and we just proved it also for £k = 0. Given
f € S}.19, the function g = f/A is holomorphic on H because A is non-vanishing, and it
belongs to M, because v, (g9) = Voo (f) — v (A) = v (f) —1 > 0.

Consider the linear map
: My — C, [+ f(o0).

Then S, = ker . Also ¢ is surjective because p(E,) = 1. Therefore M, = CE, @ S,.

Note that this gives a recursive way to obtain M,:

M, =CE;, & S, = CE, & (AM,;_15).
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For k odd we know that M, = {0} by the weak-modularity condition. For k < 0 we also
know M, = {0} by the previous part. We prove the remaining formula by induction on
k. Note that we already know it for K = 0 and £k = 2. For k = 4,6,8,10 then since
dim(M,;,) = 1+ dim(S,) = 1 + dim(M;,_,,) = 1 we get dim(M,,) = 1. If k is even and k > 12,
then:

dim(M,) = 1 4 dim(M,,_45).

Corollary 1.7. The space M, has for basis the following set:

M, = (E$E% | a>0,b>0,4a + 6b = k).

Proof. We start by showing that the given monomials EZEg generate M. For k = 2,4,6 this
is clear because we know M, = {0}, and M, = CE, and My = CEy4. For k > 8 we induct on k.
Choose some pair (a,b) such that 4a + 6b = k (convince yourself that this is always possible).
If f € My, then since E{ES(c0) = 1, the function g(z) = f(z) — f(c0)E$ES is a cusp form in
Si. Therefore g = Ah, for some h € M;_,,. By induction hypothesis, h is a linear combination
of monomials Ef EY for appropriate pairs (x,y). Using the expression A = ﬁ(Ei’ — E2) we
deduce the result for f.

Now we show that the given monomials are linearly independent. We can use induction on £ in
steps of 12 once more, to show that the number of such monomials agrees with dim M. This
can be checked by hand for k£ < 14. Suppose that k& > 14. Note that each monomial EZEg of
weight £ — 12 gives a monomial Ejng+2 of weight k. All such monomials are obtained in this

way, except for those of the form Ef or E{FE;. When £ =0 (mod 4) then Ejf/ s of weight k,
and when k = 2 (mod 4) then Eflkfﬁ)/ 2E6 is of weight k, thus in any case there is exactly one

more monomial of weight k£ than there are of weight &k — 12. This completes the proof. O

Example 1.2. This allows to write down all spaces of modular and cusp forms for SL,(Z).

For example,

Another basis for the same space (which is better because it is expressed in terms of E,, Eg
and A):

Note that these forms are linearly independent (why?). Since dim Ms, = 3, they form a basis.
Suppose that f(z) is a non-zero weakly-modular form of weight 0. Then f(yz) = f(z). By the

valence formula, f has the same number of zeros as poles. This number is called the valence of
f, and hence the name for the theorem.

Another very powerful application of the valence formula is the following:

24



Theorem 1.11. Let f be a modular form of weight k. Suppose that f has a q-expansion of the
form En>0 a,q". If a; =0 for all 0 < j < k/12, then f = 0.

Proof. The hypothesis means that v (f) > k/12. This is incompatible with the valence
formula, and thus f must be zero. O

Corollary 1.8. Let f and g be two modular forms of the same weight k, and suppose that their
g-expansions coincide for the first |k/12] coefficients. Then f = g.

1.6.1 The modular invariant j
Define the function

Jz) = =0 = S = g1 4 T44 4 196884 + -

Proposition 1.4.

1. j is a meromorphic weakly-modular form of weight 0.
2. j is holomorphic on H and has a simple pole at infinity.

3. It induces a bijection SLy(Z)\H — C.

Proof. The fact that j it is meromorphic weakly-modular of weight 0 follows from it being a
quotient of two modular forms of weight 12.

Since E, is non-vanishing at infinity and A has a simple zero then j = E2/A has a simple
pole at infinity (we can also see it from its g-expansion, which starts with ¢~!). The valence
formula shows that v,(E,) = 1, and therefore j(z) has a triple zero at p. It is holomorphic on
H because A is non-vanishing on H.

Fix ¢ € C. The function j(z) —c = ¢ ! + 744 — ¢ + --- is another meromorphic weakly-modular
function of weight 0 and has a simple pole at oco. The valence formula gives in this case that
j(2) — ¢ has exactly one zero on SL,(Z)\H. This gives the last claim. O

1.6.2 Proof of the valence formula

The proof presented here avoids algebraic geometry, at the cost of some complex analysis. Let
f be a modular function, and consider the following contour:

The proof consists in integrating f’(z)/f(z) around the indicated contour C' in two different
ways.
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Figure 1.3: Contour to integrate
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1.6.2.0.1 Integral residue formula:

This is the first way in which we calculate the contour integral. For R large enough so that the
contour contains all zeros and poles of SL,(Z)\H" with large imaginary part, we have:

[ 5 ()0 5 o

peint(C) peSL,(Z)\W

The rest of the proof consists in computing the integral as the sum of the path integrals along
Cl geeey CS-

1.6.2.0.2 Integral along C;:

Perform the change of variables q(z) = €. Note that:

1d
dq = 2miqdz, dz = —,—q.
2w q
Moreover, the path ¢(C,) is a clockwise circle of radius e 2™ centered around 0. Finally,
d _ d 2miz) — s
5@ = f(e7™) = 2miqf'(q).

Putting these together, we obtain:
[0 [ Lo,
c, f(2) a(Cy) f(q)

Since f is meromorphic around infinity, this last quantity equals —v__(f).

1.6.2.0.3 Integral along C, and Cg:

Note that since f is modular it satisfies f(z 4+ 1) = f(z). Therefore also f'(z 4+ 1) = f’(z), and
we get, by changing w =z + 1:

P, [ FeED, [ FG)
/08 Flw) /C e el

Therefore the contributions of C, and Cg cancel out.

27



1.6.2.0.4 Integral along C, and Cy:

In the same way that for C; and Cy we considered the change z = z + 1, here we consider the
change z + s(z) = —z~!. This change of variables transforms C, to —Cy. Weak-modularity of

f implies also that f(z) = z7%f(s(z)). Differentiating both sides yields:
f'(z) = —kz "1 f(s(2)) + 277 (s(2))s' (2).

This gives
fiz) _ =k F(5(:)s'(2)
flz) 2 fls(z))

Therefore we may compute

PGk [ PGESE k[ )
/04 f(Z)dz_/c4 2 +/C4 EE) I 12*/06 7o)

and hence

f'(z) K
/C4+06 ) dz —, o 2mﬁ.

1.6.2.0.5 Integral along C;:

Using the argument principle we obtain

f'(z) 7[’ —1 TV,
/05 f(z)dz — 0] — 22 ().

1.6.2.0.6 Integrals along C; and C:

Applying again the argument principle we obtain

f

6

/CS J;((:’)) dz1—> 0] — —%mvp(f), and /05

Therefore

), | L, .
/03+05 78 dzr— 0] — —§Q7rwp(f).

1.6.2.0.7 Conclusion:

Putting together all the above calculations yields the sought formula.
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1.7 A product formula for A(z)

Consider the weight-2 Eisenstein series

’ 1
Gy(2) = ZC:Z; ma

which does not converge absolutely. It is not a weight-2 modular form (there are no such other
than 0), but we still have the formula:

Cy(2) = NQE(), By(5)=1-24 oy (m)a

The function F,(z) is holomorphic on H, and E,(z + 1) = E,(z). However, we are about to

see that
12

oQmiz

22y (—1/2) = Ey(2) +

Sometimes these functions are called .
Theorem 1.12. The function G4 satisfies Go(z + 1) = G5(2) and it has the g-expansion
Gylz) = 2(2) =872 Y oy (n)q", g = ¥,
n=1
Moreover, G4 satisfies the transformation property:
Gy(72) = (cz + d)?Gy(2) — 2mic(cz +d), = (a b) . (1.5)

In particular, the non-holomorphic function G5(z) = Gy(z) — w/3(2) is weight-2-invariant for
SLy(2).

Proof. To show that G5(z + 1) = G4(z), we must show that

1 1
;(m(z+1>+n>2 _;0<mz+n>2'

This follows from the fact that the sum converges absolutely and n — n + m is a bijection of Z
(for each fixed m € Z).

Next, we compute the g-expansion of GG5. First, note that

Go(2) =2¢(2)+2) ) W

m=1ne”Z
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Using now Lemma 1.9 with z substituted by mz, we obtain
oo o0
Gao(z) = —8r2 Y Y dg™
m=1 d=1
Grouping terms contributing to a given power of ¢ gives the formula.

Next, by expanding G, (7,7,2), using the cocycle property of j(, z) and calculating the lower
left entry of the product of two matrices, we see that if Equation 1.5 is satisfied for matrices v,

and v, then it is also satisfied for 7,7, and 77 *. Therefore to prove Equation Equation 1.5 it

will be enough to prove it for the matrix S = (9 !).

We next show that

Gy(—1/2) = 22 (2g ED DD CEETE )

nez m#O

This only differs from 22G4(2) in the order of summation! This is done by substituting —1/z
in the definition to get:

Gy(—1/2) = Z*+ZZ Z*+ZZ ~
n#0 m#0 = 770 m#0 = nz)
This can be rewritten as
1+ (3 Gt ) ~x0+ 2 (LT )

The outer term 2¢(2) can be put into the sum corresponding to the term n = 0, getting the
desired formula. The partial fraction decomposition
1 1 1
(mz+n)(mz+n+1) mz+n mz+n+l

allows us to show (via a telescoping sum) that

ZZ (mz +n)( mz+n+1)

m#0ne”z

Subtracting this series from the definition of G4(z) (which can be done term by term, this only
needs conditional convergence) we get the new formula involving an absolutely convergent sum:

1
Galz) =26(2) + mZ;O (mz+n)2(mz+n+1)

nez
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Then we compute

2 1 1
z Gz(—l/z)—GQ(z):ZZm— Z (mz+n)?2(mz+n+1)

neZ m+#0 m#+0,ne”z

Subtracting term by term and using that
1 1 1

(mz+n)2  (mz+n)2(mz+n+1) (mz+n)(mz+n+1)

gives an alternative formula for G, (z):

Gyl2) = :2Go(—1/2) = 3% !

vy Jewr) (mz+n)(mz+n+1)

Finally, consider the sum

N-1 1 1
li — .
Ninooz Z(mz—}—n mz—|—n—|—1>

n=—N m+0

For each fixed IV we can reverse the sum and calculate, since the inner sum telescopes:

= 1 1 B 1 1
Z Z <m2+n_mz+n+1> N Z (mz—N_mz—l—N>

m#£0n=—N m#0
iy 1,1
Tz ewrr N/z+m N/z—m
27

= —— cot(nN/z).
z
Taking the sum as N — oo and using that

o0
weot(nN /z) = mi — 2mi Z p2mimN /2

m=0

we get the formula:

i Nil 3 ( 1 1 ) 2mi
im — =——
N—oo Ty 0 mz+n mz+n+1 z

This finishes the proof.
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1.7.1 The Dedekind-eta function

Define 7(z) as through the following product

2) =g/ [J1-q")
n=1

The function 7(z) is holomorphic and non-vanishing on H (to check it, it is enough to check
that > ¢" converges absolutely and uniformly on compact subsets of H).

Theorem 1.13. The n function satisfies the following transformation property:
(—=1/2) = V=z/in(z

Proof. Note that:

d logn(2) 2mi +§: —2ming™ 27rz . 242 nq
—logn(z) = — —_ -
4z 8" 24 1—q

n=1

—12(1—242an ) Ez()

n=1 m=1

Using quasi-modularity of E,, we deduce:
dlog (n(—1/z)) = dlog (y/z/in(2)) .

Therefore n(—1/z) = Cy/z/in(z) and setting z = i one gets C' = 1, as we wanted. O

Theorem 1.14. -
=a]]0 -
Proof. Note that:
o) =q][ =g
n=1

so %4 (z + 1) = n?*(z). Moreover,

H(1/2) = 2224 (2).

Since 7%*(2) = ¢+ -~ and n?*(z) € S5 = CA, we deduce that n** = A. O
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1.8 Growth of Fourier coefficients

In this final section we study the different behavior of the Fourier coefficients of a modular
form f, depending on whether f is cuspidal or not. Intuitively, if f is cuspidal, the vanishing at
infinity should force the coefficients to grow slower.

We start by studying Eisenstein series.

Proposition 1.5. The Fourier coefficients a,,(E),) of the Eisenstein series E), grow as n*1.

Precisely, there exist constant A, B > 0 such that

An*~1 <la, (E,)| < Bnk1.

Proof. We will use that the Fourier coefficients of E, have a simple formula:

E, =140 Zak_l(n)q",

=1

and hence |a,,(E},)| = |Cy|ok_1(n). Therefore

ja, (Bl = 1G] Y d¥t > |Cyln T,
d|n

and we may take A = |Cy|. On the other hand,

0, (5, ay! 1
s = (3) =l

This last term can be coarsely estimated:

1 <1
|C| de1 > ’QJ;W = |Ci[¢(k —1).
din =1

Hence we may take B = |C|¢(k —1). O

The following result shows that the coefficients of cusp forms grow much slower.

Theorem 1.15. Ifzzozl a,q" is the g-expansion of a cusp form of weight k, then a,, = O(nk/?).
Precisely, there is a constant M > 0 such that

la, | < Mnk/2,
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Proof. Note that as ¢ — oo we have |f(z)| = O(q) = O(e” ™), where y = J(z). Consider the
function

¢(2) = |f(2)ly*/>.

It is a continuous function H — R., and it is invariant under SL,(Z). Since ¢ approaches 0
as y approaches infinity, we deduce that ¢ is bounded: |f(z)| < M’y */? for all z € H. Since

f(z)g " = 4a,g " +a,q + a,..q+ - the residue theorem implies that
1 —n—1
Un =55 f(2)q dg,
Cy

where C, is the counter-clockwise circle described by e2m(=+1) when y is fixed and = moves
from 0 to 1. This gives:

1
a, = / flz +iy)qg "dex,
0

Using the bound for |f| we obtain:
1
’an| < / M/y—k/2’€72m'n(x+z’y)dx — M/yfk/gegﬂyn‘
0

This expression is valid for all 4y > 0. In particular, for y = 1/n we get |a, | < M’e*™nk/?,
Setting M = M’e?™ finishes the proof. O

Corollary 1.9. If f is not a cusp form, then the coefficients a,, grow as n*1.

Proof. If fis a modular form of weight k, write f = AE}, + h, where h is a cusp form. The
hypothesis of f not being a cups form translates in A # 0. Therefore

a,(f) = Aa, (Eg) + a, (h).

Since n*~! grows much faster than n*/2 and A # 0, we deduce that a, (f) grows as n*~1. O
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2 Modular forms for congruence subgroups

2.1 Congruence subgroups

Let N > 1 be an integer. In this section we will consider subgroups of SL,(Z) that are especially
nice to work with. There are other subgroups that are interesting but beyond the scope of this
course.

Definition 2.1. The of level N is

D(N)={y€SLy(Z) | y=(5}) (mod N)}.

Note that I'(1) = SLy(Z), so we are strictly generalizing Chapter 1. Note also that I'(N) can be
defined as the kernel of the group homomorphism induced by the reduction map Z — Z/NZ:

mn¢ SLy(Z) — SLy(Z/NZ).

Therefore, I'(IN) is a normal subgroup of SL,(Z), of finite index.
Proposition 2.1. The map 7y is surjective.
Proof. Exercise. O

There are too few principal congruence subgroups (only one for each N > 1), so it is desirable
to consider more general subgroups.

Definition 2.2. A subgroup I' C SL,(Z) is a if there is some N > 1 such that
['(N) CT CSLy(2).

The of a congruence subgroup I' is the minimum N such that I'(N) C T'.

One can think of many different ways to construct congruence subgroups. There are two
families that arise so frequently that have special notation for them:
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Example 2.1. For each N > 1, define
Iy (N)={(s3) (mod N)},

and also
Lo(N) ={(5%) (mod N)}.

Lemma 2.1. For each N > 1 there are inclusions I'(N) CI'y(N) CT'y(N) C SLy(Z), and

1 1
[T, (N): T(N)]=N, [[o(N):T{(N)] = N]!_][V (1 — p) . [SLy(Z): Ty(N)] = N};[V (1 + p) .

Proof. Exercise. 0
The inclusions are strict except for N = 1 (where all groups coincide) and for I'y(2) = T';(2).

Definition 2.3. A function f: H — C is of weight k with respect to T if it is meromorphic on
H and it satisfies

fliy=1f, VYverl.

2.2 Cusps

Of course we will need to understand fundamental domains for the action of congruence
subgroups on H. Here is for example a fundamental domain for I'j(2):

In this case, the fundamental domain contains two points in its closure which do not belong to
H: the cusp oo as before, but also 0. The following result gives a construction of a fundamental
domain for any congruence subgroup, using translates of the fundamental domain 2 of SL,(Z)
seen in Chapter 1.

Proposition 2.2. Let T’ be a congruence subgroup of SLy(Z). If there is a decomposition

I\SLy(Z) = | JTh, R finite,

heR

then the set Dp = U,cghD is a (possibly non-connected) fundamental domain for T.

Proof. If z € H, then there exists g € SL,(Z) and 2, € 2D such that z = gz,. The coset
decomposition implies that there is some v € R and some h € I' such that g = hy. Therefore

z = hyz,.

Since z{, = vz, € vD C Dy we have written z = hz| with h € I'.
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Figure 2.1: A fundamental domain for I';(2)
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It remains to be shown that if 2 €D and vz €D for some v € I', then v = 1. For that, let

e > 0 be small enough so that the ball B_(z) of radius ¢ around z is fully contained in Dr.
The ball B_(z) intersects some translates of 2, say:

B.(z)NhD #0 < he R CR.

Consider the translated ball vB,(z) = B.(7vz). Since 7z is also in the interior of D, we deduce

that vB_(z) must intersect the interior of some translate of D, say h P, for some h € R.
Therefore: i i

VB.(2) Nh D# 0 = B.(2) Ny 'h DF .
Since we listed all the translates whose interior intersected with B,(z), we must have that

v~ h = hg. But now I'h = 'y 'h = Thg, and since both h and h, belong to R, we must have
h = hy. Therefore v~ =1, or v = 1 as we wanted. O

In order to further study the cusps, we consider the P}(Q) = QU {occ}. Note that SLy(Z) (in
fact GL,(Q)) acts on P!(Q) by fractional linear transformations:

ax +b (a b
’yl’: ’)/:

m, d) € SLQ(Z),J' € ﬂDl(Q)

Here we understand that yoo = ¢, and yr = oo if cx = —d.

Proposition 2.3. The action of SLy(Z) on PY(Q) is transitive, and it induces a bijection
SLy(2)/SLy (7). = PY(Q), SLy(Z),, = (£T).

Proof. We will see that the orbit of oo is all of P!(Q), where we note that (@ Z) oo = 2. Given
2 € P(Q) in reduced terms (that is, such that (a,c) = 1), then Bézout’s identity asserts the
existence of integers b and d such that ad — bc = 1. Then the matrix (¢ %) belongs to SL,(Z)

and takes oo to %

The stabilizer of co, written SLy(Z) ., is:

[ooh)

R TN o B (G I B (|

Definition 2.4. The set of of a congruence subgroup I' is the set Cusps(I") of I'-orbits of
P1(Q). Equivalently,
Cusps(I') = I'\SLy(Z)/SLy(Z) o -

If P=[%]is acusp of I', set I'p for the of Pin I, the elements of I fixing P.
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Lemma 2.2. If yp(00) = P, then
I'p=TN7pSLy(Z) 75

Proof. Let v € I'. Then observe that
yeEl'p <= YP =P < yypoo = ypo0
<> VP YVpo0 = 0
= p' 7P € SLy(2) o
= 7 €7pSLa(Z)p"

This concludes the proof. ]

Lemma 2.3. The subgroup Hp = vp'Tvp N SLy(Z) o, C SLy(Z)., does not depend on the
choice of the representative for P, and has finite index in SLy(Z), .

Proof. Just note that if . is another representative for P, then ~vp gets modified into yvyp for

C/

some v € . Then (yyp)~'T(77p) = 7p'T7p. O

Lemma 2.4. Let H be a subgroup of finite index in SLy(Z)
in SLy(Z) .. Then H is one of he following:

and let h be the index of {+1}H

[oep)

((61))
H=9q((% 1))
{+1} < ((51))
Proof. Exercise. 0

Definition 2.5. The integer hp(P) = h in the above lemma is called P for I'. A cusp is an if
vp' I pyp is of the form (( ' * )), and it is otherwise.

Example 2.2. In this example we show that if p is any prime, then Cusps(I'y(p)) = {0, 0}.

Write an element v € I'y(p) as (;c 2), with a, b, c,d € 7 satisfying ad — pbc = 1. The orbit of

00 is:

Fo(p)-oo:{<;C Z) oo}:{:C: a,cez,gcd<a,pc)=1}:{£ plssed(rs) =1}

We thus see the orbit of the cusp oo consists of infinity together with all the rationals which
when expressed in reduced terms have a denominator which is divisible by p. One element

which is not in this orbit is 0 = %. Let us study then the orbit of 0.

a b
pc d

Fo(p)-Oz{( )0}:{2: b,d € Z,ged(b,d) =1,p } d}.
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As we have seen in the example above, each cusp may have a different width. However, if I is
a normal congruence subgroup of SL,(Z), the subgroup Hp does not depend on the cusp P
and hence all cusps have the same width and regularity.

Although one can have more cusps than the index of I', the last result of this section says
that this is basically right, once one counts in a proper way. To prove it, we will need a
group-theoretic result.

Lemma 2.5. Let G be a group acting transitively on a set X and let H be a finite index
subgroup of G. Then for any x € X the stabilizer of x in H has finite index in the stabilizer of
x in G, and the following formula holds:

S (G, H,) =[G+ H).

reH\X

Proof. Let x € X, and consider the inclusion map G, — G. By taking the quotient by H we
get G, — H\G. Suppose g, g, are mapped to the same element Hg in H\G. This means
that Hg, = Hg,, or that g,g;! belongs to H. Since g,g7 ' stabilizes z as well, we deduce that
H,g, = H,g,. Therefore there is an injection of H,\G, < H\G. Since by assumption the

xT

latter set is finite, so is the first. Note also that the image of the map is precisely H\HG,, and
thus we also obtain [G,: H,| = [HG,: H].
To prove the second assertion, fix an element z; € X, and consider the map

H\G — H\X, Hgw+ Hgx,

which is surjective because G acts transitively on X. The fibre T}, of an orbit Hx consists
of the set of classes Hg such that Hgxy = Hx. Let g, € G be such that g,x, = . Write
Hg = Hg'g, and then we have:

Ty, ={Hg € H\G: Hy'g,vy = Hz} = {Hg' € H\G: Hg’vr = Hz} = H\(HG,) = H,\G,.
This allows us to find a formula for [G: HJ:

z€ER TER

Theorem 2.1. Let I' be a congruence subgroup. Then we have

> hp(P) =[SLy(Z): {£1}T7.

PeCusps(T)
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Proof. Consider the group G = PSL,(Z) = SLy(Z)/{+£1}, which acts transitively on the set
X = PYQ). Let H be the image of I in G. Note that H\X = Cusps(I'). Also, G, is the
image in G of SLy(Z),. For each z € X, let v € G be such that yoo = x. Then

G,=7G. v ' and H, = ’y('y’lH’y)oo’y’l.

Therefore B -
[Gx: Hx] = [SLQ(Z) FP] = hF(P)7

where by (-) we write the image of the group inside G. Then applying Lemma 2.5 to this
setting gives

Y. hp(P)=[G: H] = [SLy(2): {£1}T].

PeCusps(T")

2.3 Fourier expansion at infinity

Let T be a congruence subgroup of level N. Note that the matrix (§ ) belongs to I'(V), and
thus there is a minimum h > 0 with the property that (%) € T.

Definition 2.6. The of I is the minimum h > 0 such that (} %) e T.

The fan width of a congruence subgroup of level N is a divisor of N.

Write

2miz

qh :qh<z) = € h s

and note that z - g, (2) is periodic with period h. Define g by g = foq, . That is, g(q,) = f(2).
Although g,, is not invertible, the above definition makes sense, and g has a Laurent expansion.

Definition 2.7. The g-expansion of f at infinity is the Laurent expansion:

(&)

f2)=gla) = > aln)gy.

n—=—oo

2.4 Expansions at cusps

Let s be a cusp, s # co. Write s = awoo for some a € SL,(Z), and consider the equation:

flaz) = jlo, 2)* (flra)(2).
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Since j(a, z) # 0,00 when z is near oo, the behavior of f(z) near s is related to the behavior of
(flza)(z) near co. Assume that f is weakly modular for the congruence subgroup I'. Since

(flea) (e ya) = (flyy)la = flra,

the new function f|,« is invariant under the group I'' = o 'T'a. Since I'(IV) is normal inside
SLy(Z), we deduce that I is also a congruence subgroup of level N. Hence f|,« has a Fourier
expansion at infinity as in Section 2.3 in powers of qy.

Definition 2.8. The s is the expansion:

flea = Z b(n)qy-

2.5 Definition of modular forms

The expansions at different cusps allow us to define modular forms for arbitrary congruence
subgroups.

Definition 2.9. A function f: H — C is a of weight k for a congruence subgroup I if:

1. fis holomorphic on H,
2. flyy= fforallveT, and

3. f|xa is holomorphic at infinity for all o € SLy(Z).
A function is a of weight k for a congruence subgroup I' if instead of 3 is satisfies:
1. f|,o vanishes at infinity for all a € SLy(Z).

The of weight k for a congruence subgroup I is written M, (I"); the of weight k for a congruence
subgroup I' is written S, (I").

Proposition 2.4. Suppose that f: H — C satisfies 1 and 2 above. Suppose that f is
holomorphic at infinity. That is,

oo

f(2) = aln)gy.
n=0
Furthermore, suppose that there exists constants C' > 0 and r > 0 such that:

la(n)| < Cn", Vn > 0.

Then f satisfies 3, and thus f € M, (T').
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Proof. Exercise. O

In fact, the converse is also true: if the Fourier coefficients of f grow as Cn" as above, then
condition 3 in Definition 2.9 is satisfied. The proof of this fact uses Eisenstein series for
congruence subgroups, and thus will be postponed until we introduce those.

Example 2.3. Let f be a weakly-modular form of weight k for the full modular subgroup.
Consider the function g(z) = f(Nz). If v € Tj(N) is of the form v = (¢ %), then since N | ¢

the matrix
, ( a bN
T \e/N a

is in SLy(Z). Therefore we may compute:

or7) = (N (32)) = F(E )
., a(Nz)+bN
= f(m) = f(7(N%2))

= (¢/N(Nz) +d)* f(Nz) = j(v,2)"g(2).

Therefore the function g is weakly-modular of weight & for the congruence subgroup I'y(N). In
fact, this operation defines injections

My, (SLy(Z)) — My(To(N))

which will play an important role later in the course, in the Atkin-Lehner-Li theory of old /new
forms.

We end this section by realizing that the definition of modular forms can be checked by finitely
many computations. Suppose that o = aco and 7 = oo are two cusps (here « and (3 are in
SLy(Z)). Suppose that o = y7 with v € I

Proposition 2.5. If
flyee= D a(n)qf,

n=—oo

then
2ming

»a(n),j € Z.

fleB= ) bn)ay, bn)=(£1)ke

n=—oo

Proof. By assumption aoo = 00, so a 'yB3c0 = oo, and therefore since the only matrices
that fix infinity are of the form 4+ ((1) {) we have:

_ 1 3 .
1 _
a fyﬁ—i(o 1), jeZ.
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This means that

f=+7"a ((1) ‘i) :
and therefore:
FleB = fle £ 11y eele ((1] {) = (£1)" Za(n)e%\k ((1) {)
= (il)kZa(n)ew
O

Corollary 2.1. For each n € Z, we have a(n) = 0 if and only if b(n) = 0. In particular, it is
enough to check 3 or 3" for one representative from each of the equivalence classes of cusps.

2.6 Valence formula for congruence subgroups

Let I' be a congruence subgroup of level N. In order to state the next result we need to define
the order of a weakly-modular function at a cusps P € Cusps(I').

Definition 2.10. Let f be a weakly-modular form of weight £ for I', and let P be a cusp of I'

of width hp(P). Since f(z+ N) = f(z), we can write f as a Laurent series in ¢y = €™~ | say

= Z Andns Ay, F 0.

n>ng

The of fat Pis vp(f) = hrji,P)nO.
Here is a generalization of Theorem 1.9 to arbitrary congruence subgroups.

Theorem 2.2. Let I" be a congruence subgroup, and let k be an integer. Let f be a non-zero
meromorphic function on HU {oo}, which is weakly-modular of weight k for T'. Then we have

Z (f) + Z Up(f) = %[PSLQ(Z>: f}

zel'\H #F PeCusps(T

Proof. Write dp = [PSLy(Z): T}, let R be a set of coset representatives for I'\ PSLy(Z), and
define F' = HWG » fle7- Note that F'is weakly-modular of weight kdp for SLy(Z), and it is
meromorphic at co. By Theorem 1.9 we have

1
Uoo(F)+§vi(F )+ Zv dp.

weWw
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Another way to write the above is:

v, (F) k
Voo (F) + —————— = —dp.
zePS%:(Z)\[H #PSL,(2), 12

We may now compute:
vz(‘F) = Z Uz(f’k:f)/) = Z ,Uvz(f) = Z [PSL2<Z)UJ fw}vw(f)‘
~eT\ PSL, (2) ~€T\ PSLy(2) weT\ PSLy(Z)z

The last equality follows by grouping all elements « such that vz = w, for each possible w.
Now, since PSL,(Z),, is finite and independent of w € T'\ PSLy(Z)z, we get [PSLy(Z),,: T,] =

%ﬁm‘ Dividing by # PSLy(Z), we obtain

W) s wl)
# PSLy(2), weT\ PSLy(Z)2 #lw
By summing over a set of representatives for PSL,(Z)\H we finally obtain
v(F) vu(f) _ 0y (f)

2€PSLy( 2€PSLy(Z)\H wel'\ PSL,(Z)2 wel'\H

In order to conclude the proof it remains to be shown that v, (F) =3 ,_ Cusps(T) V p(f). We

first prove it assuming that T is normal in PSL,(Z). In this case, we have

dpog(F) = ) hp(P)ug(F)
PeCusps(I')

= Z vp(F)

PeCusps(T’

()
= Z Z UfyP(f)

PeCusps(T') veR

= Y Y. #{yeR|AP=Plop(f)

PeCusps(I") P’eCusps(T)
= > > #{yeR|yP=Plup(f)

P’eCusps(I") PeCusps(T)

= dp Z vpr ().

P’eCusps(T)

Note that any congruence subgroup I' contains a subgroup (for instance I'(N')) which is normal
in SL,(Z), and such that it is of finite index. Therefore it is enough to show that, if IV C T’
have finite index and g is weakly modular of weight k for I', then

S o= .

P’eCusps(I) dr P’eCusps(I')
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Let P € Cusps(I') and P’ € Cusps(I”) be such that [P] = [P’] inside Cusps(I'). Pick
hF

o € SLy(Z) such that ooo = [P] in Cusps(T'). Write also ng = v%(g), and m = h—r’ Then:

2mwinz 2winmz 2minz
(gho)(2) = D aylgle 't = ay,lge " = Y a,(ge " .

n>ng n>ng n>mng

Hence we have vp/(g) = mup(g), as we wanted. This concludes the proof of the valence
formula. O]

As for level 1, the valence formula gives a criterion for equality of modular forms:

Corollary 2.2. Let f and g be two modular forms in M (L"), whose g-expansions (at one cusp
of I') coincide up to the term £5[PSLy(Z): T]. Then f and g are equal.

There are dimension formulas for congruence subgroups (see [3, Chapter 3]) but we will not see
them in this course.
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3 Moduli interpretation

In this chapter we reinterpret modular forms as functions on certain very interesting geometric
objects.

3.1 Lattices and tori

Definition 3.1. A is a free Z-module A of rank 2 inside C which contains an R-basis for C.
Concretely, A = Zw; ® Zw,, where w; and w, are R-linearly independent complex numbers. We
will always assume that w, /wy € H, which can always be accomplished by possible swapping
them.

As you know, in general there are many choices for a basis of a given submodule.

Proposition 3.1. Suppose that A = (wy,wy) and A" = (wj,w)). Then A = A" if and only if
there exists v € SLy(Z) such that

Proof. Exercise. 0
Lattices become interesting when we quotient C out by them.

Definition 3.2. A is the set C/A = {z + A | z € C}. It has the structure of an abelian group,
and analytically it is a torus (a genus one Riemann surface).

Proposition 3.2. Suppose that p: C/A — C/A’ is a holomorphic map. Then there exist
complex numbers m and b such that:

1. mA C AN, and
2. p(z+A)=mz+b+ A"

Moreover, ¢ is invertible if and only if mA = A’.

47



Figure 3.1: A torus

Proof. The complex plane C is the universal covering space of C/A and C/A’. Therefore, ¢
can be lifted to a map ¢: C — C. Suppose now that A € A, and define

Nz)=o(z+ ) —6(2).

Then f, is continuous and has image in A’. Since A’ is discrete, necessarily f, is constant.
Consider the derivative. For each A € A, we have

(24X = (2).

Therefore ¢’(z) is holomorphic and doubly-periodic, hence bounded. By Liouville’s theorem,
@’ is constant. We deduce that @(z) = mz + b, as wanted. O

Corollary 3.1. Let p: C/A — C/A’ be a holomorphic map. Then ¢ is a group homomorphism
if and only if ¢(0) =0, if and only if b€ A’.

If © as above is a holomorphic group isomorphism, then necessarily mA = A’ and also
olz+A)=mz+ A

Here are two examples of possible maps like the ones above.

Example 3.1. The map , usually written [N], is a homomorphism
C/A— C/A

which maps the class z + A to Nz + A. The kernel of [N] is the group of N-torsion points,
isomorphic to Z/NZ x Z/NZ.
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pom

C/A C/N

Figure 3.2: Lifting to the universal covering space

Example 3.2. Consider A = Zw; & Zw,. Define 7 = w; /w, € H, and set A, = Z7 @ Z. Then
C/A=C/A..

The previous example can be brought a little bit further as follows.

Lemma 3.1. The complex tori C/A, and C/A_, are isomorphic if and only if T = 7’ for
some y € SLy(Z).

Proof. Suppose that

at’ +b

e’ +d’

Let m = ¢’ +d. Then mA_ = Z(at" +b) ® Z(ct’ + d). By Proposition Proposition 3.1, this
lattice is the same as Z7' @ Z = A_,. The other direction is obtained by reading the equalities
in reverse. O

T=7T =

We have just seen that there is a “natural bijection” between isomorphism classes of tori and
elements 7 € SLy(Z)\H. This innocent statement is really important.

Example 3.3. Let A be a lattice. Define, for k > 2 even,

Gr(d) =Y Wt

weA
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Note that G (A,) = G, (7) is the usual Eisenstein series defined in the previous chapter. The
transformation law reads in this case:

Gr(mA) = m *G,(A).

3.2 Tori and elliptic curves

The next goal is to relate C/A to elliptic curves. This will allow to think of modular forms as
functions either on lattices or on elliptic curves.

3.2.1 Meromorphic functions on C/A

Let C(A) be the field of meromorphic functions on C/A. That is, meromorphic functions
f: € — C satisfying f(z 4+ X) = f(z) for all A € A.

Proposition 3.3. Let f € C(A). Then:
1. ZzeC/Arest =0.
2. ZZEC/A ord, f = 0.
3. Zzec//\zordzf €A

Proof. Consider a fundamental parallelepiped D which misses all zeroes and poles. This can
be done because zeroes and poles form a discrete set. Now one can compute the quantities

0 0P 1A
57 /aD f(z)dz, omi ), ) dz ,and 5] /6[) B dz.

O

Definition 3.3. The fis the number ord(f) of zeroes (which equals the number of poles) of f,
when counted with multiplicities.

Note that the first statement in the above proposition implies that ord(f) > 2.

50



3.2.2 The Weierstrass g-function

Consider the following function:

pA(Z)ZzngFZ/((z—lwﬁ_l;)'

weA

It is immediate to see that p, is an even function, which converges absolutely and uniformly
on compact sets away from A.

Lemma 3.2. The function p, is A-periodic.

Proof. Note that the derivative of p, is

A2 =2Y o

which is clearly A-periodic. Set f(z) = g, (2 +w;y) — pp(2), where wy; € A. Then f/'(z) =0, so

w

[ is constant, say f(z) = c. To determine ¢, set z = —% and note that since p, is even, we get

¢ = pa(wy/2) — pp (—w,/2) = 0.

Therefore f(z) = 0, and thus p, is A-periodic. O

The lemma gives that p,(z) belongs to C(A). In fact, C(A) is generated by p, and e/, but we
are not going to prove this here.

Proposition 3.4. The Laurent expansion of pa(z) at z =0 is

pa(z) = % Z (n+1)G, 5(A)z",

n>2, even

and it has radius of convergence equal to the lattice point closest to the origin.
Proof. See [3, Proposition 1.4.1]. O
These expansions allow us to find algebraic relations between g, and . Since
1 2 4
or = -5 +3G,(N)2* + O(=")

and 5
Ph = 3 T6G4(A)z +0(=),
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we deduce: A
(ph)* = ot O(z7%) = 4(py)* + O(272),

We can work with a couple more terms of the expansions, to get:
(p))? = 4lpr)* — 60G,(A)py — 140Gs(A) + F(2),  F(z) = O(z%).

Finally, note that F(z) is A-periodic so by Liouville’s theorem it must be constant 0.
Proposition 3.5. Let go(A) = 60G,(A) and g5(A) = 140G¢(A). Then:

1. The point (py(2), 0\ (%)) lies on the elliptic curve

Ey: Y2 =4X3 — g5(AM)X — g5(A).
2. E\ can be written as Y? = 4(X —e,)(X —ey)(X — e3), where
e; = pa(w;/2), w3 =w; + w,.

Moreover, this equation is nonsingular (that is, the e; are all distinct).

Proof. It only remains to prove the second statement. Since g, is odd and periodic, we get:

P (wi/2) = P (—w;/2) = —p) (w;/2),

so gy (w;/2) is 0. Since p, takes the value e; twice and p, has degree 2, it does not take the
value e; at any other points outside the 2-torsion. O

Figure 3.3: The 2-torsion points of E

To summarize, what we have found is that there is a holomorphic map:
C/A— Ey, 2+ A (pa(2), 04 (2)),

and this map is indeed a bijection: if x € C is any complex number, then g, takes the value x
twice, since p, (£2z + A) = z. Therefore we get two y-values unless y = 0 (which happens only
when z = w,/2). In this case, p,(2) = ¢,, and g, (z) takes the value e; “twice” at z.

The following result is crucial:
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Theorem 3.1. If E: Y2 = 4X3 — g, X — g5 is any elliptic curve, then there exists some lattice
A such that g,(A) = gy and g,(A) = gy.

Proof. It uses that j(z) is surjective. See [3, Proposition 1.4.3] O

1. For 7 € H, consider the elliptic curve E. = Ej .
E: Y2 = 4X5 — go(1) X — g3(7).
One can compute that the discriminant of the cubic polynomial on X that is the right-hand

side is

(27)12
16

which equals A(T1), where A(7) is the modular form already studied in
1.

2. The map C/A — E, is a group homomorphism. Or if we prefer, we may define the
group structure on F, via transport of structure.

3.2.3 Moduli space interpretation

Consider the set S of isomorphism classes of elliptic curves. Every elliptic curve is isomorphic
to C/A for some lattice A, and in fact it is isomorphic to C/A for some 7 € H. Moreover,

Therefore there is a natural bijection
S «— SLy(Z)\H, [C/A,]+ SLy(Z)7.

The quotient SL,(Z)\H is called the for isomorphism classes of elliptic curves.

Let now f € M,;.(SLy(Z)) be a modular form of weight k. Define the following function F on
the set of complex tori:

F(C/A;) = f(7).

This is well defined, because if A, = A_ then 7= 7"+ b for some b € Z, and f(7+b) = f(7).
Moreover, suppose that mA,_ = A_,. Then

(a b> , ,
T= T, m=cr’ +d.
c d

Then we may compute:

F(C/mA,) = F(C/A.) = (') = (er’ +d) ™ f(7) = F(C/A,)m™*.
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From this we deduce that
F(C/mA) = m*kF(C/A).

We could thus define modular forms as functions on complex tori satisfying the above relations.
This prototype can be pushed to work for other congruence subgroups, although isomorphism
classes of elliptic curves will have to be replaced by objects carrying more data.

3.3 Moduli interpretation for I'j(N) and I'; (V)

We will write E[N] for the N-torsion in £ = C/A, which is isomorphic to Z/NZ x Z/NZ.

wWa

/ / / / / / /
/ / / / / / /
A e e vy S
/ / / / / / /
99— 99
/ / / / / / / /
L g < * L g < * L g

/ A A
¢
)

e
Se.

Figure 3.4: The 8-torsion of a complex torus C/(Zw, + Zw,).

In order to give a moduli interpretation for modular forms on I'j(N), we need to add more
structure to the elliptic curves (or complex tori) that we consider.

Definition 3.4. An for I'j(N) is a pair (E,C), where F is an elliptic curve and C is a cyclic
subgroup of order N in E[N]. Two enhanced elliptic curves (E,C) and (E’,C") are equivalent

if there exists an isomorphism ¢: E — E’ such that ¢(C) = C’.
We write S,(IN) for the set of equivalence classes of enhanced elliptic curves.

Theorem 3.2. With the above notation,

1. Each class in Sy(N) has a representative of the form (C/A_, (% + A,)), for some T € H.

2. Two pairs (C/A., (£ +A.)) and (C/A,, (% +A.)) are equivalent if and only if To(N)T =
Lo(N)7'. Therefore the map 7 + (C/A., (5 + A,)) induces a bijection of Yy(N) =
To(N)\H 2 Sy(V).
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Proof. Consider an enhanced elliptic curve (C/A,C). We have already seen that there is an
isomorphism ¢: C/A = C/A,, for some 7" € H. Since C' is cyclic of order N, the same is
true for ¢(C). Therefore (C/A,C) is equivalent to (C/A,, <”]/\;“d + A./)) for some integers
¢ and d coprime to each other and to N. Since reduction modulo N gives a surjection
SLy(Z) = SLy(Z/N/ZZ), one can find a matrix

a b
Y= (C, d/> € SL2<Z>3

such that ¢/ = ¢ (mod N) and d’ = d (mod N). Set now 7 = v7" and m = ¢’7" + d’, so
mA_= A_ and, as we wanted to show,

1 cdr+d e’ +d
—_— A = A/: A/ .
m<N+ T) N + T N + T

As for the second part, for an isomorphism between C/A, and C/A,, to exist there needs to
exist v = (2Y) € SLy(Z) such that
(et" +d)A, = A, .

T

Moreover, for the corresponding isomorphism to respect the cyclic subgroups one needs to have

1 1
"+d)(=+A))=(=+A).
((er' +d)( 5+ M) = (55 + Ay
That is, v satisfies
e’ +d 1
A ) — {7 A ’
< N + T > <N + T >7
which is equivalent to N | ¢ (and then d is necessarily coprime to N). This last condition is
precisely saying that v must belong to I'y(N). O

In this context, one may define a weight-k homogeneous function F for I'j(N) as a function on
enhanced elliptic curves for I (V) such that

F((C/mA,mC) =m*F(C/A,C), Vm e C.

Given such an F, one can define f(1) = F(C/A,, (% + A,)) and check that f(7) is weakly
modular of weight k for I'y (V).

We have a similar construction for I'; (V).

Definition 3.5. An for I'; (V) is a pair (E, P), where E is an elliptic curve and P is a point
of exact order N in E[N]. Two enhanced elliptic curves (E, P) and (E’, P") are equivalent if
there exists an isomorphism ¢: E — E’ such that o(P) = P’.

We write S} (N) for the set of equivalence classes of enhanced elliptic curves for I'; (V).
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Theorem 3.3. With the above notation,

1. Each class in Sy (N) has a representative of the form (C/A., % + A,), for some T € H.

2. Two pairs (C/A., ~ + A.) and (C/A,, + + A) are equivalent if and only if T'1(N)T =
Iy (N)7'. Therefore the map 7 +— (C/A,, + + A,) induces a bijection of Y(N) =
I'Y(N)\H==S5,(N).

Proof. Let (E, Q) be any point in S;(NN). Since E is isomorphic to C/A_, for some 7" € H, we
may take £ = C/A_/, and hence Q = (¢’ +d)/N + A, for some ¢,d € Z. The fact that the
order of @ is exactly N means that ged(c,d, N) = 1, and therefore there exists a,b, k € Z such
that

ad —bc — kN = 1.

Note that this means that the matrix (%) has determinant 1 (mod N). Using that SL,(Z)
surjects into SLy(Z/NZ) and the fact that ¢ and d only matter modulo N, we find a matrix
v € SLy(Z) with lower low (c,d). Let 7 = 7', and let m = ¢’ + d. Then we obtain
m7 = at’ + b, which implies that mA_ = A_,. Moreover,

‘4 d
m(1/N +A,) = ”; +AL = Q.

Therefore the class [F, Q)] is the same as [C/A,1/N + A_].

Finally, given two points 7,7" € H such that I';(N)r = I';(N)7’, we may write 7 = 7’ for
some v = (2%) eI'|(N). Letting m = ¢7’ + d, then:

mA, = A, m(lN+A)=T T4

T T

+A

T/

Since (¢,d) = (0,1) (mod N), the last term is just 1/N 4+ A_,, as we wanted to show. O
Moreover, note that there is a natural map S;(N) — S,(N), which sends the class of (E, P)

to that of (E, (P)).

There is a moduli space description of I'(/V)\H which classifies pairs of an elliptic curve E with
a basis for E[N], but its precise description requires the Weil pairing, which we have not seen
in this course.
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4 Hecke Theory

4.1 Double coset operators

Let T'; and T, be two congruence subgroups, and let a € GLJ (Q).

Definition 4.1. The I';al'y is the set

Fialy = {yiav, | 7 €T1,7 € Ty}

Multiplication gives a left action of I'; on I'yal', and another right action of I'y. Consider a
decomposition of this double coset into (disjoint) orbits:

Lemma 4.1.

1. IfT is a congruence subgroup and o € GL3 (Q), then a'T'aN SLy(Z) is also congruence
subgroup.

2. Any two congruence subgroups I'y, I'y are . That is,

TNy <oo  and [Ty: T NTL) < oo.

Proof. Let N be a positive integer such that T(N) C T, Na € My(Z) and Na~t € My(Z). Set
M = N3. Then one can check that al'(M)a~! C I'(N), which implies that I'(M) C o 'Ta.
Since I'(M) is also contained in SLy(Z), we are done with the first statement.

For the second assertion, just note that there is some M such that I'(M) C T'; N T'y. Therefore
the indices to compute are bounded above by [SLy(Z): T'(M)], which is finite. O

Proposition 4.1. Let I'; and I'y be two congruence subgroups, and let o € GL3 (Q). Set T'5 to

be the congruence subgroup:

The map 4 = I'yaryy induces a bijection

I\, = 0\ ol
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Proof. Consider the map
Ly = T\([Taly), 7= Fay,.

It is clearly surjective. Moreover, two elements v, and ~4 get mapped to the same orbit if and
only if:
Tay, =T07, <= Yyt ealla,

and the latter happens if and only if v, and 5 are in the same coset for (o 'T'ya)NTy =T5. O
Corollary 4.1. Let I'y = Ul'yy; be a coset decomposition of 's\I'y. Then

is an orbit decomposition. In particular, the number of orbits of I'yal's under the action of I'y
is finite.

Let f € M, (I";) be a modular form of weight k for a congruence subgroup I';. Let I';al’y be a
double coset, where T, is a congruence subgroup and o € GL3 (Q). The on f is defined as:

flp(Tial'y) = Z fli it

if I'yal’y = UI'y B; is any orbit decomposition.

The action is well defined, independent of the choice of the 3;. This is so because f is k-invariant
under I';.

The next goal is to show that the double coset operator maps M (I';) to M, (I'y) and preserves
cusps forms. We will need a technical lemma to treat the cusp conditions.

Lemma 4.2. Suppose that for all v € SLy(Z) the function f|,y has an expansion of the form

Z a(n)qy,

n>ng

with ny and a(n) depending on ~. Let o € GL3(Q). Then for all v € SLy(Z) the function
fli(ay) has the expansion
Z b(n)q]r\L[dv

n=ang

where a and d are positive integers depending only on a.

Proof. First, note that, for a > 0,

a 0 1) _
f‘k <0 a) :a2(k 1)a kf:ak 2f-
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So without loss of generality we may assume that a € My(Z). Let v, € SLy(Z) be such that

Yo'la= (&%) (upper-triangular), with a and d being positive integers. Then:

Fleer = (Fleo)l (3 2) = (Z <n>) L (3 2)

n>ng

2mwin(az+b) an
= () Z a(n)e AN — ()quO + ..

This concludes the proof. O

Proposition 4.2. Let T'; and I'y be two congruence subgroups, and let o € GL3 (Q). The rule
f= flpI'yaly induces a map M (T'y) — M (T5).

Proof. Write I'; = (o 'T';a) N Ty, and consider a coset decomposition I'y = Ul'37;. One
can take as set of representatives 8, = av,. If 7, € [y, then {7,715}, is a complete set of
representatives for I';\I'y, and hence {ay;7, }; is a complete set of representatives for I';\I'; al's.
This implies that f[,I';al’y is k-invariant for T',.

If fis holomorphic on H, then f| 3, is holomorphic on H for any 3; € GL3 (Q), so it only remains
to check the cusp conditions. But Lemma 4.2 precisely ensures that these are preserved. [

4.1.1 First examples

Consider the case I'y, € I'j and a = 1. Then I'yal'y = I';, and I'; = I';1 is an orbit
decomposition. Therefore f|.I'yal's = f|,1 = f. This just says that M, (T';) is a subspace of
My ().

As a more interesting example, given o € GL3 (Q) consider the conjugate I'” = o 'T'a. Then
I'al” = T'ar is an orbit decomposition. This implies that acting by « induces a map

M (T) — M, (a1Ta).

Since the inverse of this map is given by the action of a~!, we conclude that M, (T') and
M, (o 'T'a) are naturally isomorphic.

Finally, consider the case I'y C T’y and @ = 1. Then I';al'y = UI'; 8, where 3; is a set of coset
representatives for I';\I';. The map

Fe > flkB;
J

is to be seen as a trace operator from M, (T';) — M, (T';). In particular, it maps f € M (T)
to [I'y: I'y]f and thus it is surjective.

99



4.2 Hecke operators for I';(N)

Fix now I' = T'; (N). We will describe the Hecke operators for the group T

4.2.1 The T, operators

Let p be a prime. The at p is defined as:

7, = F ) () 0) L)

By Proposition 4.2, the operator T, acts on M (T';(N)).
In order to describe the action of T,, more precisely, we need to understand the double coset
I (N)(9) I (N). Note first that if v € Ty (N) (§9) 'y (N) then:

1. dety = p, and

2. v=(§3) (mod N).

0p

In fact, the converse is true:

Lemma 4.3. We have that

10
0 p

ry(N) ( )rl<N> (v e My(@) | dety=py=(33) (mod N)}.

Proof. To prove the remaining inclusion, let v € M,(Z) have determinant p, and satisfy
7= (§;) (mod N). Consider L = 7? and
Lo=Ly(N)={(}) € Liy=0 (mod N)}.
Note that yvL, C L. Since dety = p > 0, we have:
[L: yLo] = [L: Lo][Lg: vLo] = Np.
Choose a basis of L adapted to vL,. That is, a basis u, v such that det(u|v) = 1 and such that
vLy = muZ & nvZ, with 0 < m | n,mn = Np.

We will show:

1. vLy =uZ & NpvZ.

2. Ly =ul ® Nvl.

3. vL =uZ + pvZ.
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In fact, since v () € vLg, we have that (§) = (§) (mod m). Since ged(a, N) = 1, this implies
that gecd(m, N) = 1. Now, if p | m, then p | n, and so p? | mn = Np. Therefore p | N, which is
a contradiction with ged(m, N) = 1. Therefore p  m and hence m =1 and n = Np.

The two other facts follow because L, C L is a subgroup of index N, and vL C L is of index p
in L. This proves the above three statements.

Next, set v; = (ulv), which belongs to I'j(IN) because u belongs to L,. Set also 7, =
(71 (09)) ', so that v =, () 72- Note that v, belongs to SLy(Q). It remains to show
that 7, and 7, belong to I'; (). This will follow if we can prove:

1. v, € Ty(N).
2. To(N) (63) To(N) =T1(N) (o) To(N).
3.1y =7 (5p) 7 withv, € T1(N) and v, € To(N), then v, belongs to I'y (N).

Each of these statements can be easily proved, and we ommit these proofs. ]

Proposition 4.3. Let f € M (I'y(N)). Then T, f is given by:

B 1
Tpf - 1 ? mp n
p—1
: + N.
Z]:O fle 0 p [l (Np p> pt
Here the matriz (), ) is chosen such that v, = ("N ) belongs to Ty (N).

Proof. We just need to trace the definition of the double coset operator. That is, we need to
find an explicit coset decomposition of I';\I'; (N), where

r= (50 mn (3 0o

Define I'°(p) to be the group of matrices which are lower triangular modulo p. It is easy to see
that
Iy =T, (N)NT(p).

Consider the matrices v, = ( é {), with j ranging from 0 to p — 1 inclusive. These are all

distinct modulo 'y (N) NTY(p) (check it). Given any matrix (¢ %) € I';(N), note that

a b\ (1 —j\ (a —aj+b

c d)J\0 1) \e —cj+d)’
Therefore if p } a we can make the right-hand side to belong to I'°(p) for some j. This means
that if p divides N then p will not divide a (because of the determinant condition), and thus
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the set {v;} is a complete set of representatives. If p } N, we need to consider matrices (¢ &)
mp n

with p | a. Choose some v, = ("\ ]) € I';(N). Then:

a by _, (% —na+bmp
¢ d)7 = \o * '

Since p divides —na + bmp, the matrix (2 %) is in the coset of v,, modulo I'%(p). Hence

{7} U{7} forms a complete set of representatives. In order to get the orbit representatives

for the double coset, we just need to multiply the v; by the fixed element a = ((1)2). O

4.2.2 The diamond (d) operators

We define another (finite) set of operators on M, (I';(NNV)), called the diamond operators. First
we need some preliminaries on characters.

Definition 4.2. A modulo N is a group homomorphism

x: (Z/NZ)* —s C*.

It can be extended to a map x: Z — C by the recipe

_ Jx(dmod N) (d,N)=1
x(d) = {0 (d,N) # 1.

The resulting function is totally multiplicative: it satisfies
x(dydy) = x(dy)x(dy) Vdy,dy € Z.

Consider the map I'j(N) — Z/NZ* sending a matrix (¢ %) to d mod N. Its kernel is precisely
I';(N), and therefore we obtain an isomorphism

b

r/m) = @z (5

)FI(N)HdmOdN.

Definition 4.3. Given d € Z coprime to N, the (d) is the operator on M, (I';(N)) defined as
a b
@r=r(t 0.
where a, b, ¢, d’ are chosen so that (¢} ) belongs to T'y(N) and d’ = d (mod N).

Note that the above is well defined, and only depends on the class of d modulo N. This is
precisely because I'y(N)/T';(N) = (Z/NZ)*. The operator (d) is a linear invertible map, and
thus it makes sense to look at its eigenspaces.
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Definition 4.4. The space of modular forms with character x is

My(To(N),x) = {f € My(Ty(N)) | fls (¢3) =x(d)f, (£§) € To(N)}.
The x is defined similarly and written S, (I'g(NV), x).

Note that M, (I'y(N), x) can also be defined as

My (Do (N), x) = {f € Mp(T'y(N)) [ {d)f =x(d)f, de(Z/NZ)*}.
Theorem 4.1. There is a decomposition of C-vector spaces

M (T (N)) = D M(To(N), ),
x mod N

where the sum runs over the ¢(N) = #(Z/NZ)* Dirichlet characters modulo N.

Proof. Picking a basis of M, (I';(N)), we get a representation
p: (Z/N2)* — GL,(C), p(d) = (d),

where n is the dimension of M, (I';(N)). Since (Z/NZ)* is abelian, the representation p
decomposes as a sum of irreducible representations, which are necessarily one-dimensional.
This means that we can pick a basis for M, (I'; (/V)) such that

p(d) = diag(x;(d), .., X, (d)).

This means that (d) acts as x;(d) on the ith component. One just needs to collect then the
repeated x to form M, (T(V), x). O

4.2.3 Hecke operators on ¢g-expansions

In order to study the action of Hecke operators on ¢-expansion, we introduce two simple
operators: if f =" a,q", define:

Upf = Zanpqn = Zanq"/”-

The second equality is an abuse of notation: we define ¢™/? = 0 if p } n. We define also:

v f f pZ Z anqnp = Z an/pqn'

Lemma 4.4. If f = > a,q", then

1.

=, S5 -5 )
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V,f =p"Ffli (g (1)> .

27

Proof. Note that if (, = e™» is a primitive pth root of unity, then

i [ opln
-
=0

0 pin.

Now compute:
(1 24
Zf!k( ) :p’“‘lp‘ka(i)-
= 0 p 7 p
Since f is 1-periodic, this is the same as:
1 27 zt+J 2winz nj
LS S = ey g
P n P
This proves the first statement. The second statement is clear. O

Putting together what we have seen so far, we get a description of T}, in terms of U, V,, and
the diamond operators.

Theorem 4.2. We have:

Upf p|N,
T f— P
o {Upf +p* W, ) f piN.

Corollary 4.2. If f € M;.(T'(N), x) then for all p we have:

T,f =U,f+x(p)p* 1V, f.

In particular, if f € M, (Ly(N)) then:

Uy f pIN,
T f— P
! {Uprrp’“fo ptN.

Moreover, the relation between U,, and T} allows us to think of U, as an operator on modular
forms, which possibly raises the level.

Corollary 4.3.

1. If p| N then U, maps My (I';(N)) to itself.
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2. If p { N then U, maps M (I'y(N)) to M (T'y(Np)).

Example 4.1. Consider the Eisenstein series

Proposition 4.4. We have:
T,E, = 04,1 (p)E), = (14 p" 1)E,.

That is, Ey, is an eigenform for all T,, with eigenvalue o},_1(p).

Proof. In general we have seen that, since E), € M, (I'y(1))),

an<Tpf> = an(Upf) +pk_1an(vpf> = a’np(f) + pk_lan/p(f>'
So
ao(T,Ey) = ag(Ey) + g (Ey) = 041 (p)ag(Ey,).
For n > 1, we get

—2k

a,(T,Ey) = Bi,C (o_1(np) +p" Loy, 1(n/p)),

where we understand that o;,_;(n/p) = 0 if p } n. We claim that:
op1(pn) +p* 1oy (n/p) = 041 (p)og_y(n), Vn =1

When p } n, this is just the multiplicativity of o,_,. If p | n, write n = p®m with p  m. Then
we need to show that for all e > 1

o1 (p¢TIm) + p* oy (pIm) = oy (p)of_q (P°M).

This follows easily by dividing both sides by o;_;(m), which is a common factor of both sides
of the equation again by multiplicativity of o;,_;. O

If f=1+5% _ a,q"is amodular form for SLy(Z) of weight k and it is an eigenform for
T,,, then the eigenvalue must be o,_;(p), by the first calculation of the above proof. The real
content of the proposition is thus that £, is actually an eigenform.
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4.3 The Hecke algebra

Definition 4.5. Let N > 1 and k € Z. The acting on M, (T';(N)) is the C-subalgebra of
End M, (I'y(N)) generated by

<Tp: p prime; and (d): d € (Z/NZ)X>.

The Hecke algebra is denoted by T(M,(T';(N))). Similarly we define T(S,(I';(N))) as a
subalgebra of End¢S, (I'; (NV)).

Theorem 4.3. For every N > 1 the Hecke algebra T(M,(I'y(N))) is commutative.

Proof. We must show that for all primes p, ¢ and all elements e and d of (Z/NZ)* we have:
1. (d)Tp = Tp<d>,
2. (d)(e) = (e){d), and
3. T,T, = T,T,.

First we show (2) and (3) assuming (1). Note that (1) means that 7, preserves the spaces
M. (T'y(N), x) and so it’s enough to check (2) and (3) for forms f € M, (I'j(N), x). This makes
(2) obvious. As for (3), we can use the g-expansions: if f = > a,q", then

a, (T, f) = ap, (f) + x(0)P* a1, (f)-
Then:

a,(T,T,f) = a,n (T, f) + x(p)p* 'a,,,(T,f)
pqn( ) + (Q>qk ! pn/q(f) + X(p)pkil(anq/p(jj + X(Q)qkilan/(pqﬂf))'

This formula is symmetric in p and g so we are done.

Finally, to prove (1) we must write (d) as a double coset. Let v = () (mod N). Write
I' =T (N). Then, since I' is normal in I'j(N), we have

A= Ty,

and thus (d)f = f|,7. We want to show that (d)~'T,(d) = T,. Write l'al’ = Uj '3, for the
orbit decomposition of the double coset corresponding to 7},. We thus need to show that

Pal' = [ JT(v8,77").
J
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‘We note that

Uresy ) =~ (U F@) vt =9(Tal)y ™ =C(yay I,

J

and one just checks then that
Fal' = T'(yay YT

O

Next, we define operators T,, and (n) for all n > 1. First, define (p) = 0 whenever p | N. One
can implicitly define T, by the following formula:

o0 1
T n*= .
; n H 1— Tppfs + <p>pk7172s

p

This in turn is equivalent to the following conditions:
1. T, =TT, if (n,m) =1,
2. T, =id, and
3. for all primes p and for all r > 2,

Ty = T, Tys — p" 1 () T

From the definition we can see that each T,, is an explicit polynomial on the 7', and therefore
all T,, commute with each other.

Theorem 4.4. Suppose f € M, (T'{(N)) has an expansion of the form > a,,(f)q™. Then
T, (f)=>a,(T,f)q™, where

am(Tnf>: Z dk_lam—zn(<d>f)

d
d|(m,n)

In particular, if f € M, (Ty(N),x) then

0 (Tof) = Y X(d)d*  ame (f).

ailmon) *
Proof. A long computation. O
We end this section with the notion of Hecke eigenforms.
Definition 4.6. A (or just eigenform) is a non-zero modular form f € M, (T';(N)) which is

an eigenvector for all the Hecke algebra T(M,(I';(N)). A (or normalized eigenform) is an
eigenform satisfying a,(f) = 1.
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Let f € M,(I';y(N)) be an eigenform, say T, f = A,, f for all n. Then we obtain

a,(f) = a (T, f) = Apa (f), n=>1.

Soif a;(f) = 0 then all a,,(f) = 0 and thus f = 0. Therefore a non-constant non-zero eigenform
must have a;(f) # 0 and it may be scaled to a normalized eigenform. In particular, we have
the following.

Theorem 4.5. Let f € M, (I';(N)) be a normalized eigenform. Then the eigenvalues of the
Hecke operators on f are precisely the coefficients of the q-expansion of f at the cusp oo:

T.f=a,(f)f, n=L1 (4.1)

Proof. Write A, for the eigenvalue of the Hecke operator 7,. By Equation 4.1 we have
a,(f)=ay(T,f) = A,a,(f). Since f is normalized, a,(f) =1 and hence a,,(f) = \,,. O

In fact, the Fourier coefficients of a modular form readily tell whether it is a normalized
eigenform:

Proposition 4.5. Let f € M, (I'y(N), x) be a modular form with q-expansion ZZOZO a,(f)q".
Then f is a normalized eigenform if and only if:

1. al(f) = 17
2. a,,,(f)=a,,(f)a,(f) whenever (m,n) =1, and

3. ap'”<f) = a’p(f)a’p’“’l (f) - pk_lX(p)apr—z(f), r> 2.

Proof. The implication = follows directly from the previous proposition and the definition
of the Hecke operators T,,. For the converse, if f € M, (Iy(NV), x) satisfies (1), (2) and (3) then
f is already normalized, so to be an eigenform we must show that it satisfies

(T, f) = ay(fay,(f), Vp prime, Vm > 1.
If p { n then it follows from the formula that we have for T, on g-expansions that a,, (T, f) =

A (f), which by (2) is a,(f)a,,(f). If p | m then writing m = p"m’ with » > 1 and p { m” we
have by the same formula

a’m(Tpf) = ap"“m’(f) + X(p)pk_lapT'*lm’ (f)

Using now conditions (2) and (3) this can be rewritten as a,(f)a,,(f), as wanted. O
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4.4 Petersson inner product

4.4.1 Surface integrals
Let V C C. A 2-form on Vs an expression of the form w = f(z, Z)dz A dz. Note that
dz N dz = (dz +idy) A (dz —idy) = —2idx A dy.

The integral of w on Vis:

/w:/f(z,zdz/\dz://—2if(x+iy,a:—iy)dxdy.
1% 1%

Consider now, for a € GL3 (R), the change z - az. Then:

det o
J =— 73
(O[Z) |CZ+d|2 (Z)v
and also det det
d(az) = e7a2dz, d(az) = SR s
(CZ + d) (CZ + d>2

This gives that:

_ (deta)? _

d(O[Z) A\ dOéZ = mdz A dZ.

Therefore the 2-form %zé;lf is invariant under changes of the form z — az. We will work instead

with a certain multiple of this 2-form. Define

_d:n/\dy_;ldz/\di
oy 2 3(2)2

dp(z)

We can define the of SL,(Z) as

covol(SLz(Z))—/ dup(z).
D

where D* is a fundamental domain for SLy(Z).

Lemma 4.5. -
covol(SLy(Z)) = 3

Proof. Exercise. 0

Corollary 4.4. If ¢ is a bounded function on D*, then fD* w(2)du(z) is a well-defined complex
number.
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4.4.2 Integral over X(I')

Let D be a fundamental domain for a congruence subgroup I'. Such a fundamental domain is
the union (almost disjoint) of translates of D*:

D = Uja,D",

where {a;} is a set of coset representatives for (+1-I')\SLy(Z). If ¢ is I-invariant, then we
may define the integral of ¢ on X(I') = T"\H as:

[ eminn) =3 [ emintn) =3 [ etanduta;r) =3 [ etagridutr).
X(I) j Ja,;D* 7 /D 5 /D
The last term in the above equality shows that the definition is independent of the choice of

coset representatives. We may calculate the covolume of I" as:

Lemma 4.6. Let I' C SL,(Z) be a congruence subgroup. Then

covol(I") = / du(t) = [PSLy(Z): T]covol(SLy(Z)) = g[PSLQ(Z): I.
X(T)

Let f and g be two cusp forms for I' of weight k, and set o(7) = f(7)g(7)JI(7)¥.

Lemma 4.7. The function ¢ is I'-invariant and, for all o € SLy(Z), the translate o(aT) is
bounded on D*.
Proof. If v belongs to I', then we may compute:

e(y1) = flivi(r,m)Fglvi(y, )Ry, 7) 2R3 (2)F = (7).

If o belongs to SLy(Z), then:

p(ar) = flraglyad(T)* = 0(q,)0(q,)y" = O(lq,|*y*).

This approaches 0 as y approaches infinity, because ¢;, = ™ This gives boundedness. [J

The previous lemma allows us to define an inner product on the spaces of cusp forms:

Definition 4.7. The of f and g is:

1

o9he = covol(T")

/ () g(r3 (7 dpu(7).
X(T)

70



For the above to converge it is enough that one of the forms f and g is in S;.. Therefore the
product of a modular form with a cusp form is well defined.

The reason to divide by covol(I") is that, in this way, if I' C I then

<fag>1" = <fag>1""

Proposition 4.6. The Petersson inner product is a positive-definite hermitian product on the
C-vector space Sy (I'). That is:

1. {ay f1 +asfo, 9)r = ay{f1,9)r + ax(f2; 9)r-

2. <gvf>F - <f7.g>F
3. (f, f) >0, with equality if and only if f = 0.

Although the Petersson inner product does not extend to all of M (T"), it still allows us to
define an “orthogonal complement to S (T'):

Definition 4.8. The of M, (I") is the space

ET) ={fe M) ]| (f,g)r =0 Vge ()}

4.4.3 Adjoint operators

If (-,-) is an hermitian product on a C-vector space Vand T: V — V'is a linear operator, the
of T'is defined as the operator T which satisfies:

(Tf,9)=(f,T"g).

The goal of this subsection is to calculate the adjoint operators to the Hecke operators. We
will need the following technical result.

Lemma 4.8. Let I' C SL,(Z) be a congruence subgroup and let o € GL3 (Q).

1. If p: H— C is continuous, bounded and I'-invariant then:

/ plar)dp(r) = / o (7)dpu().
a 1la\H \H

2. If a ‘T« is contained in SLy(Z) then T and o T« have equal covolumes and indices in

SL,(2).
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3. Letn = [I: a'TanT] = [[': ala™ ! NT]. There are matrices By, ...,B, € GLj (Q)

inducing disjoint unions
Pl = JT8; = JBT.

Proof. The first two statements are easy and follow from the change of variables formula and
Lemma 4.6. The equality of indices in (3) follows by applying (2) to al'a! NT instead of T
and using multiplicativity of indices. Therefore there exist 7, ...7, and 7, ...,7, in I' such
that

r= U(a‘lra NT)y; = LJ(oJ‘oF1 N7t

By how coset representatives are linked to orbit representatives in a double coset, we get:
Fal' = | |Tay;, To T =[JTa !5
By taking inverses in the second decomposition we get
Lol = J7;arl.

Suppose that T'ay; N 7ol = (. Then

Lay; C y F;al.
i#]

Multiply from the right by I' to get I'al’ C UZ 4 7;aT, a contradiction with the decomposition

of T'al into n orbits for I'. Therefore we deduce that I'ay; intersects 4;al’, for each j. Let 3;
be any element in this intersection. This gives

Fal' = T8, =[BT

This allows us to compute adjoints of double coset operators.

Proposition 4.7. Let I' C SL,(Z) be a congruence subgroup and let a € GLj (Q). Let
a* = det(a)a™ ! be the classical adjoint to o. Then

1. If o 'Ta C SLy(Z), and f € S,(T) and g € Si(a 'Ta),
(flre 9)a1ra = (> 916" r-

2. For all f,g € S,(I),
(flx[Fall, g) = {f; gl [La"T]).
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Proof. We prove only (1). The second statement follows easily. We will use the equalities that
we have already seen:

j *2) = jlaa®, 2)j(a*, 2) "1 = det aj(a*, z) L ~04*22M"z
jlosz) = jlaa’, 2)j(a%, )" = detajla®, 2), Ia*z) = [ EEGI()
Let M = covol(T") = covol(a 'T'a). Then we compute:
M{flor g ra = / (det @)k 1j(, 2) 7 f(az)g(2)3(2) du(2)
a 1Ta\H
- / aeta) ooy AT 2 )
T\H
- e a* k
= [ teta) = dera) Hf )", 2 @ e A )
T\H j(a*, 2)|
= [ Fe)deta)*Lj(ar,2) “glar2)3(z)kduz)

T\H

= [ f(2)glper (2)3(2)Fdu(z) = M(f, glxa*)r.
T\H

Definition 4.9. A linear operator T'is if it commutes with its adjoint:

TT* =T"T.

Theorem 4.6. Consider the C-vector space S, (I'y(N)). If p t N then:
(p) =) =), and Ty = (p)7'T,,

Proof. Write (p) = [['al'], where a € I';(N) is such that modulo N is congruent to (Sg). By

Proposition 4.7, we have that (p)* consists on acting with o* = det aa™!. Since deta = 1,

then o* = o' and thus (p)* = (p~1) = (p) L.

As for the second part, we set o = (é g) and we need to compute I'a*I". Note that

-1
@ = (O 1) - (N mp) (O p) \N m)’ mp —nN = 1.

In the right-hand side, the first matrix is in I'; (V) and the last is in I'j(N). Since I'y(V) is
normal in I'; (N), we get

I, (N) (g (1)) I, (N) =T, (N) (é g) T\ (N) (ﬁi Z)
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Since m = p~! (mod N), the matrix (]Zif :1) acts as (p~!). Therefore:

i1 = 5 (% m) =@l (X n) =

Corollary 4.5. If n is coprime to N, the Hecke operators T, and (n) are normal.

Theorem 4.7. Let T be a normal operator on a finite dimensional C-vector space. Then T has
an orthogonal basis of eigenvectors.

Applying this theorem multiple times we deduce that if a C-vector space has a family of normal,
pairwise commuting operators then it has a basis of simultaneous eigenvectors. Particularizing
to our situation, we get the following result.

Corollary 4.6. The space S,(I';(N)) has an orthogonal basis of simultaneous eigenforms for
all the T,, and (n) with (n,N) = 1.

Proof. Apply the spectral theorem for the first of the 7,,, to get an orthogonal basis of eigenforms.
To each of the subspaces one can apply the second of the T}, to refine the basis, thanks to the
fact that the Hecke operators commute with each other and hence preserve eigenspaces. The
process terminates after a finite number of steps because S, (I'; (N)) is finite-dimensional. []

Consider S, (SLy(Z)) = S, (I';(1)). It has a basis of eigenforms for all the Hecke operators T,
(and (n)). We may normalize the eigenforms f so that a,(f) = 1. Then we will obtain:

Therefore each system of eigenvalues {a, (f)},>; corresponds to a unique eigenform f. We
say that S}, (SL,(Z)) satisfies . In other words, S, (SLy(Z)) decomposes into a direct sum of
one-dimensional eigenspaces. In the next section we investigate when this fails to be true, and
what can be done to remedy it.
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4.5 Atkin-Lehner-Li theory

Let us consider S, (I';(NN)) for an arbitrary N. We have already seen that there is a basis
of simultaneous eigenforms for the T, and (n) operators, as long as n is coprime to N. We
want to investigate if the components of this basis are also eigenforms for the remaining Hecke
operators and if multiplicity one is satisfied.

Recall the operator V,;: M, (I'y(M)) — M, (I'y(Md)) which was introduced before for d a
prime:

d 0
Waf)(r) = ftam) =11 () 9)).
If (t,d) = 1 then it is easy to check that V,U, = U,V,, and hence VT, = T, V,; whenever
(n,d) = 1.

4.5.1 Examples
Both A(z) and A(2z) are cusp forms in S;5(I';(2)). Write

A=Y "r(n)g",

n>1

so that T,A = 7(p)A for all p. Here, by T, we mean the Hecke operator as acting on
S15(SLy(Z)). By what we have seen above, we have:

T,(A(22)) = 7(p)A(22), p#2.

Therefore A(z) and A(2z) have, when considered in S;4(I";(2)), the same “system of eigenvalues”
{7(n)}(n,2=1- Therefore S;,(I';(2)) does not satisfy multiplicity one.

However, the Hecke operator T, = U, as acting on S;,(I";(2)) satisfies:
Uy(A(22)) = A(2), and Uy(A(2)) = ToA — 21V, (A) = —24A(2) — 211 A(22).
Therefore U, acts on S;5(I';(2)) with matrix
o= (200 o).
which is diagonalizable. The eigenvectors
fo = A(2) + (12 £ 4V/—119)A(22)

can be completed to give a basis of eigenforms for all the T, .
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The following example shows that sometimes one may not get a basis of eigenforms for all
T,. Let f € Sy(I'1(IV)) be an eigenform for {7}y U {U,}4n, and let p t N. Let S be the
following 4-dimensional C-vector subspace of Sy(I';(Np?)):

S = spang {£(7). f(pr), f(*7). f(p°7))}.

Since T, commutes with V,,, the subspace S is stable under {7} y,:. Moreover, S is also
stable under {7, = U}, n- The following result shows that S does not satisfy multiplicity
one.

Proposition 4.8.

1. 8 is stable under {T} gy nps U{T, = Ugbqn U{T, = U,}.

2. The matriz of U, is not diagonalizable.

Proof. Exercise. O

4.5.2 New and old forms

Suppose that M | N are two positive integers. There are many ways to embed S, (I'; (M)) into
Si(T'{(N)). For example, for any d such that dM | N, we can map f to V,f.

Definition 4.10. The , denoted by S, (T';(N))° is:
Si(T1 (V)4 = span {Vy(S,(T'y(M))) = dM | N, M # N} .

The , denoted by S (I'; (N))"" is the orthogonal complement (with respect to the Petersson
inner product) of Sy (I';(N))°d in S, (T';(N)).

Theorem 4.8. The spaces Si,(T';(N))°" and S, (T';(N))" are stable under all Hecke operators.

Proof. Let £ be a prime dividing N. We may define
STy (V)M = 1S, (Ty(N/0) + VS (L1 (N /0)),
where ¢ is embedding induced by f — f. In this way,

ST (V)2 =) " S, (T (N)F—,
0N

where the sum runs over prime divisors £ of N. What we will prove is that each of the spaces
Si(Ty(N))f° is stable under the diamond operators, the Hecke operators T,,, and their
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adjoints. Note also that if V' C S, (I';(N)) is a subspace which stable under an operator 7,
then the orthogonal complement to V'is stable under the adjoint 7.

Let f € S,(I';y(N/£)), and let T be one of the Hecke operators above. We must prove that
T(uf) and T(V, f) are in S;,(I'; (N))*~°4. Consider the matrix (¢ Y4) € Ty(N), which defines the
operator (d) on S, (I';(N)) and on S, (I'; (IV/¢)). This shows that (d) preserves ¢S, (I'; (N /¢)).

Next, note that that
¢ 0\ (a by (a bl\ (L O
0 1)\e d) \c¢/t¢ d)\0 1)°

Since ¢/¢ is an integer which is divisible by N /¢, the matrix ( o/t bf) defines the operator (d)
on S, (I'y(N/¢)). Therefore the matrix equality above gives (d)(V,f) = V,((d)¢f).

Next we prove that the operators T}, also preserve S, (I'; (V). If p does not divide N this
is easy to show that T, preserves both VS, (I'y (N /¢)) and 1Sy (I'; (N /£)). When p does divide
N but p # ¢, the same argument works. We now consider 7). Suppose that ¢ divides N exactly
once. Then

T,(ef) = Upf, and  Ty(V,f) = of.
However, in Sy, (T'; (N /{)) we have
(Tof = T(f) + V(0 f), so Ty(f) = (I f — 1V, ((0) ).
In particular we see that T}, (¢ f) and T,(V,f) are in S, (T'; (N))¢0d,
Finally if ¢2 divides N then T, acts as U, in both S, (T'y(N//)) and S, (I';(N)), and hence

Tpf = Tof, T,\Vaf =1f.

It only remains to show that the adjoint of T}, preserves Si(I';(N))* ™4 when p divides N

(when p does not divide N, the adjoints of Hecke operators are in the Hecke algebra and hence
preserves the old subspace. In this case, consider the Fricke operator wy acting on S;(I'; (N))
by

fe Wy, Wy = (](i; _01) :
(note that Wy normalizes I'; (NV)). We can check:
(wyf)(2) = 2 f(=1/(Nz)).

Also, note that Wy ( § g) Wyt =(? 9), and thus T; = wy'T,wy. One can then compute:

wytf = Ekvewzv/ef, and wyV, f = LwN/ef-

Therefore wy, (and hence T};) preserves the old subspace. ]

We say that f € S (I'y(N))™V is a if it is an eigenform for all Hecke operators, which is
normalized so that the leading coefficient is 1.
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Theorem 4.9. Consider the space Sy, (I'y(N))"" for N > 1.

1. The space Si,(I'y(N))™" has a basis of newforms.

2. If f € Si.(T'1(IN))™" is an eigenvector for {Tq}qW then f is a scalar multiple of a newform,
and hence an eigenvector for all the Hecke operators.

3. 1If f € Si(T1(N))" and g € S(T'y(M))"* are both newforms satisfying a,(f) = a,(g)
for all but finitely many primes q, then N = M and f = g.

Proof. This was proven by Atkin-Lehner in 1970 and a partial proof can be found in [3]. O

Corollary 4.7.

1. If f is a newform, then there is a Dirichlet character x such that f € S, (Lo(N), X)-

2. If{)\n}(n,N):l is a system of eigenvalues for the T,, such that (n, N) =1, then 3! newform
fe ST (M) for some M | N, such that T, f = A, f for all n satisfying (n, N) = 1.

Finally, we see that the new subspaces give a complete description of S, (I';(N)) and

Sp(Lo(N)).
Theorem 4.10. There are direct sum decompositions

Sp(T1(N)) = D D Va (Sp(Ty (M),

MI|N dM|N

and

S(To(N)) = D €D Va (Sp(To(M))").

M|N dM|N

Proof. Write S, (I';(N)) = W, @ --- @ W,, where each of the W, is a simultaneous eigenspace
for {7}, }(n,ny=1 U {(n)}. Each form f € W; has the same “package” of eigenvalues {\,, }(, n)_1-
Therefore by Corollary 4.7 this f comes from a unique newform f; € S, (I'; (M;))™" for some
M, | N. Therefore
W; = @ CVy(f;)
dM;|N

as wanted. Since each of these spaces is stable under the diamond operators, we get the second
decomposition by further taking the subspaces on which they act trivially. O
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5 Eisenstein series

The conclusion of the previous chapter has been that S, (I'; (N)) has a basis of eigenforms
each of them new at some level dividing N. For a general congruence subgroup I', recall that
the Petersson inner product allowed us to define an “orthogonal complement” to S, (T"), the
Eisenstein subspace

E(L) ={f € My(I') | {f,9)r =0 Vg e 5,(I)}

The goal for this chapter is to find a natural basis for £, (T").

5.1 Eisenstein series for congruence subgroups

Recall the Eisenstein series for SL,(Z) that we saw at the beginning:
1
Gr(z) = [
7 e T

In order to generalize this construction, we need to put it in a more intrinsic form. Recall that
the stabilizer of the cusp oo is

Write also P, = {(§%) | be Z}.

Lemma 5.1. The map (2%)  (c,d) induces a bijection

PE\SLy(Z) = {(c,d) € 7% | ged(e,d) = 1}.

Proof. Surjectivity of the map follows from Bézout: given (¢, d) with ged(c,d) = 1 we can find
a,b € Z such that ad — bc = 1. Moreover, any solution to the equation zd — yc = 1 is of the
form

r=a+tc,y=b+td, tel.

That is, the preimage of (¢, d) consists of the set of matrices of the form

a+tc b+tdy (1 t a b
( c d)_<0 1)(0 d)’ ter.
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This lemma allows us to rewrite G (z) in a different way.

Proposition 5.1. We have

Gr(2) = ((k) Z gy, 2)7k.

YEPL\SL,(Z)

Proof. Write a pair (m,n) € 2%~ {(0,0)} as (gc, gd), with g = ged(m,n) and (c,d) coprime.
Therefore

Z Z gcz+d

9=1 (c,d)ez?
gcd(c d)=1

I B S <D D SR

= ez YEPL\SLy(2)
ged(e,d)=

Let now I' be an arbitrary congruence subgroup, and define I' ., = TN P, and '}, =T NPL.

Definition 5.1. The of weight k attached to I' and to the cusp oo is

Grreo(2)= Y, J(r,2)7"

~vyelg \I

Since j(h7v,z) = j(v,z) whenever h € T'f ;| the terms in the above sum are well-defined.
Moreover, since I'} \I' injects in PL\SL,(Z), the series above is a sub-series of G (z) and
therefore it converges. So in particular, Gy ., is holomorphic on H.

Proposition 5.2. If either

1. k is even, or

2. kis odd, —I ¢ T and oo is a regular cusp of T’

then Gy p o, belongs to My(T'). Moreover, Gy r o, (00) # 0 and Gy r ., vanishes at all cusps
s # 00.

If k is odd and either —I € I' or oo is an irregular cusp of ', then Gy o, = 0.
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Proof. It is easy to show that Gy ., = 0 if the conditions stated in the proposition are
satisfied. The computation showing that Gy, ., is weakly-modular of weight k for I is also
straightforward, using the cocycle condition of j(v, z).

Next we compute the value Gy, 1 ., (00). We need to understand how j(v, 2)~* behaves when
Jz — co. Suppose that v = (2 %). Then

d* ife=0
lim j(v,2) %= lim (cz+d)*= '

Note also that c =0 <= ~ € I' . Therefore we may calculate

lim Gpro(s)=_lim 3 jiy,2)*

Jz—r00 Jz—r00

YETENT
= ) i)t
_ 1 ifTh =T,
1 ifrl, =T, ) ‘
= R =12 if[[:TL]=2and k is even,
1+ (=% if [P:Th]=2. . .
0 if [Io: T ]=2and k is odd.

The last case does not occur, by assumption. Hence G, 1, (00) € {1,2} is nonzero.
Consider now a cusp s of I', different from oco. Let v, € SLy(Z) satisfy v,00 = s, so that
Ghr00(5) = (Gl 0o lrVs) (00). Note that
(Gk,]f‘7oo|k73)(z) - Z j(’)/a’ysz)_kjv)/s:z)_k - Z j(VFYsa Z)_k'
YETEND YETLNT
Since 77, has nonzero bottom-left entry (otherwise 77, would stabilize infinity, which does

not), then each of the terms approaches 0 as Jz — oo and we obtain the desired vanishing. [J

The next goal is to construct Eisenstein series that are non-vanishing at each of the other cusps
s of I' (and vanish at the cusps s” # s). This is done by translating G, 1, by the matrices

Vs
Lemma 5.2. Let s be a cusp of I' and let vy, € SLy(Z) be a matriz such that y,00 = s. Define

Gk,f‘,s = Gk,yglfws,oo|k7;1 = Z j(fysilr% 2)7 where F; = {ry el | 7;1775 = (6 I)}
yeTZ\I

If k is odd, suppose that —I ¢ T, and s is a regular cusp of I'. Then Gy r ¢ belongs to &, (T),
does not vanish at s and vanishes at all other cusps " # s of T'.
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Although there is a choice of 7, involved, the form Gy -  is well defined when k is even, and
well-defined up to sign when k is odd.

We next show that the Eisenstein series we have just introduced belong in fact to the Eisenstein
subspace &£ (T).

Proposition 5.3. Let I be a congruence subgroup, let k > 3 be an integer and let s be a cusp
of I'. Then Gy, s belongs to & (T).

Proof. We need to prove that for each f € S, (') we have (f, Gy r ;)r = 0. From the definition
of the Petersson inner product there is an equality

<f7 g>F - <f’k77 g‘k7>7*11ﬂ'y'

Thus we may reduce to showing (f, Gy r ,)r = 0 for all f € S, (T'). Writing the definition of
the pairing and exchanging the sum with the integral gives

FrGrradr= 3 / F(2)5 002 32 dp(2).
Dr

~yelE \I

Make the change of variables w = vz, so

Flw) =iy, 2)* f(2), 3(w) = li(y, 2)[?3(2).

This gives

L dxdy _

(f.Gropo)r = Z/ F(w)yt L / F(w)yF-2dady.
wels, \H

~el{ \I' YweyDr Yy

Suppose now that co has width h and that the g-expansion of fis )" a,¢}. Then

(f, Gk,F,oo>F = / (Z an€2m”w/h) y*2dxdy

Tt \H \n=1
h [o'e) o)
—_ / / ( anBQﬂinm/he—Qﬂ'ny/h> yk_dedy
=0 “Yy=0 n=1
0 h [e’e]
— Z a, / e27rin1:/hda:./ e—27rny/hyk—2dy_
n=1 =0 y=0
Since n > 1, the integrals on = vanish and thus we get the result. O

We end the section by stating essentially that the Eisenstein series give a basis for £, (I"). We
do this by giving the dimension of the Eisenstein space, and then exhibiting a the explicit
basis.

82



Theorem 5.1. Let I' be a congruence subgroup, let k be an integer, let ep be the number of

cusps of ' and let ef? < e be the number of reqular cusps. Then:

0 if k<0, ork odd and — I €T,
1 if k=0,

er?/2  difk=1and —1¢T,

ep—1 ifk=2,

Er if k even, and k > 4,

Ler? if k odd, k>3, and — I ¢ T.

5.2 Eisenstein series for I';(1V)

We now specialize the above construction in the case where I' = I'; (IV) for any positive integer
N. In fact, we will construct a basis of Hecke eigenforms.

Recall that in Chapter 4 we introduced Dirichlet characters modulo N. Let M and N be
positive integers with M | N. A Dirichlet character y modulo M can be lifted to a Dirichlet
character x¥) modulo N, by

(N) B X(m) if ng(maN) =1,
XM (m) = .
0 if ged(m,N) > 1.

Definition 5.2. Let x: Z — C be a Dirichlet character modulo N. The of x is the smallest
divisor M of N such that x is the lift of a Dirichlet character modulo M. A Dirichlet character
modulo N is if it has conductor V.

Example 5.1. The only character modulo one is 1: Z — C, the constant function 1. If N is
any positive integer, the lift of 1 to a Dirichlet character modulo N is the function

1 ged(m,N) =1,

1N:7Z-—C, me
0 ged(m,N) > 1.

Example 5.2. For each prime number p, and each integer a we define the

0 if p|a,
a
(*) =<1 if p| a and a is a square modulo p,

—1 if p|a and a is not a square modulo p,

Then ( ;) is a Dirichlet character modulo p. Its conductor is p if p # 2, and 1 if p = 2.
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Example 5.3. Let x; be a Dirichlet character modulo /N; and let x5 be a Dirichlet character

modulo N,. If M is a common multiple of N; and N,, one may consider the product xy =

X1X2 = X(lM) X(2M>. This is a character with modulus M. Note however that the conductor is

not multiplicative: if y is a quadratic character of conductor N, say, then x? is the trivial
character which will have conductor 1.

In order to give the g-expansions of the Eisenstein series attached to a pair of characters, we
need some new notation. We will need the folloing generalization of the divisor function. If x,
and x, are Dirichlet characters, define

opi (n) = ZX1<”/d)X2(d)dkfl'
d|n

The following theorem gives the g-expansions of Eisenstein series that will form a basis of
eigenforms for the Eisenstein space.

Theorem 5.2. Let x4, Xy be primitive Dirichlet characters modulo Ny and N, respectively.
Let x = x1 X2 be the product as a character modulo Ny Ny (not necessarily primitive). Let k > 3
be such that x(—1) = (—1)*. Define

5(X1) _ {1 if x1 =1y,

0 else.

and let L(xs,S) = ZZO:I Xo(n)n~* be the L-series of x,. Then the function EX*** defined by

EXX2(2) = 6(x1) Lxa, 1 — k) + 22 T (
belongs to £, (I'y(NyNy)). Moreover, it is a Hecke eigenform with character x.

The modular form E"*2 is called the Fisenstein series of weight k associated to (X1, Xs)-

When k = 1 the theorem remains true, although in this case E\*"*? = Ef>*1. When k = 2,
then we must require in addition that x; and x5 must not be both trivial. If both x; and x,
are trivial, then we know that E5(2) =1—24% _ 0,(n)q" is not a modular form. However,
for any N > 1 the function -
N
By (2) = By (2) — NEy(N2)

belongs to M, (T'; (N)).

Theorem 5.3. Let k > 3, let N > 1 and let x be a Dirichlet character modulo N such that
x(—1) = (—=1)%. Then there is a decomposition

EL(To(N =B p P CcvEr),

dIN Ny N, | & x1X2=X

where the inner sum runs through factorizations of x into primitive Dirichlet characters x,
and xo modulo Ny and N.
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6 L-functions

In this chapter we study the connection of modular forms with L-functions.

6.1 Basic definitions

[ee]

Let f € M, (I'y(N)) be a modular form, given by a g-expansion f = 3" a,q".

Definition 6.1. The of fis the function of s € C given formally as

L(f,s) = Zann’s.

n=1

Proposition 6.1. If f € S,.(I';(N)) is a cusp form then L(f,s) converges absolutely for all
s such that R(s) > k/2+ 1. If f € M (I'y(N)) is not a cusp form then L(f,s) converges
absolutely for all s with R(s) > k.

Proof. We have seen in Theorem 1.15 and Corollary 1.9 that |a,,| < Mn"* for some constant
M, where r(k) = k/2 when f is a cusp form and r(k) = k — 1 when f is not a cusp form.
Although those results were stated and proven only for level 1, they hold true (with essentially
the same proofs) for higher levels. Therefore if R(s) > r(k) + 1 then

]Zann_S] < Man(k)_m(‘g) < 00.

n>0 n>0

O]

The L-functions attached to normalized eigenforms have a very remarkable decomposition,
known as . In fact, having this property characterizes normalized eigenforms, as the following
result states.

Theorem 6.1. Let f € M, (I'y(N),x) be a modular form with q-expansion f = En>0 a,q".
Then f is a normalized eigenform if and only if L(f,s) has an Euler product expansion

L(f, S) = H (1 — app—s + X<p)pk—1—25)—1‘

p prime
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Proof. By Proposition 4.5 we need to show that conditions (1), (2) and (3) of loc.cit. are
equivalent to L(f,s) having an Euler product. For a fixed prime p, condition (2) says

ayr (f) = a,(fay— (f) =" x(p)ay—(f).

Multiplying by ¢" and summing over all » > 2 we see that (2) is equivalent to

D ap (M =a,(HEY ay(f) =" X0 a,(f),
r=0

r=2 r=1

or

(Z apr(f)t’“> (1= a, (Nt +x()p™ %) = ay (f) + a,(N)t(1 — ay ().

r>0

Since we are assuming that a;(f) = 1 we get, by substituting ¢ = p~*, the equality
oo
> a, (Hp = (1—a,(f)p~ + x(p)p" 7). (6.1)
r=0

Conversely, if this equality holds then letting s approach co we get a,(f) = 1, and the other
implications can also be reversed to show that Equation 6.1 is equivalent to conditions (1) and
(2) for the a,,(f)’s.

The Fundamental Theorem of Arithmetic implies that if g is any function of prime powers,

then
11D s =>_ 1] 9"

p =0 n=1prin

Using this fact, it is easy to see that Equation 6.1 and condition (3) are equivalent to the
existence of the Euler product, thus finishing the proof. O

6.2 L-functions of Eisenstein series

Let x: Z — C be a primitive Dirichlet character modulo N. One can attach an L-function to
x via the formula

L(x,s) = Zx(n)n*‘s, R(s) > 1.

n=1

Proposition 6.2. The L-function of x extends to an entire function of on C unless x =1, in
which case L(1,s) = ((s) has a simple pole at s = 1.

Proof. Omitted. O

We also have an Fuler product:
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Proposition 6.3. There is an Fuler product decomposition

L<X7S): H !

p prime 1- X(p>p78
Proof. Exercise. O

We have defined the L-function of any modular form. In particular, if x; and x, are primitive
Dirichlet characters modulo N; and N, respectively, then we can consider the L-function
L(Ef"*2)s).

Example 6.1. Consider the Eisenstein series for the full modular group E}.(z) € M (SLy(Z)).
In Proposition 4.4 we have seen that F, is an eigenform for all the Hecke algebra, satisfying
T,E) = 0}_1(p)E). If we normalize Ej, using its first coefficient (instead of the zero-th) and
call the resulting Eisenstein series Ey, then we have a,(Ey) = 0}, (p) = 1+ p*~'. Therefore

_ 1
L(Ey,s) = H 1— (1+pk—T)p—s + ph—1-2s

p prime
= 1l 1 —1 51— 11%175 =((s)C(s —k+1).
p prime p p

The factorization of the example holds in much more generality. Denote by E;‘“XQ = %E;‘“XQ,
where E)V*? were defined in Theorem 5.2.

Proposition 6.4. The L-function attached to the Eisenstein series E "™ has a factorization
L(Elflez,s) = L(le S)L<X27 s—k+ 1)'
Proof. Exercise. .

The idea that one can extract from this is that the Eisenstein series are quite simple, and their
L-functions are not too interesting since they can be understood from the (simpler) L-functions
attached to characters. In stark contrast, the L-functions attached to cusp forms have much
deeper connections.
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6.3 L-functions of cusp forms

We focus from now on on cusp forms. The next striking property of L-functions of cusp forms
is known as , a symmetry property of deep consequences. In order to state it precisely, we first
define the , which appears often in number theory, as

F(s):/ tse’tﬂ.
o t

Note that I'(n 4+ 1) = n! for all integers n > 1, so we can think of I' as an analytic function
interpolating the factorials. The Gamma-function enters also in the definition of another
complex function, for which the symmetry property is more apparent.

Definition 6.2. The of f € S;.(I';(N)) is
A(f,s) = (2m) *T(s)L(f,5), R(s) > k/2+ 1.
The next result gives an integral formula for the completed L-function.
Proposition 6.5. We have
o dt
A(f,s) = f(zt)ts?, R(s) > k/2+ 1.
0
This is called the of f.
Proof. We first remark that the integral makes sense, since
> dt > dt
/ f(it)ts‘ < / R/
0 t 0 t
which converges for R(s) > k/2 + 1. Now we compute
e dt G ot N\ L dt
A = (27)~5 s,—t " -5 _ <7> 7t7.
= m ([Tee ) e =Y a [ (55) e

By doing a change of variables ¢  ¢/(27n) in each term, the above expression becomes

Zan/ o=zt 9 _ / S aemt | ol 2 / e
- t - t t
n=1 0 0 n=1 0

which gives the desired equality. O
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In order to extend A(f,s) (and thus L(f,s)) to s € C we need to avoid integrating near the
real axis. We will also need to consider the operator Wy given by

Walh) =N ().

It is an idempotent operator: W% = Wy, and one easily sees that it is self-adjoint: (W f,g) =
(f,Wng) for f,g € S,.(I';(N)). Consider the + and —-eigenspaces

Sp(D1(N))* ={f € S, (D1 (N)) | Wnf = £[},

which gives an orthogonal decomposition of S, = S} & S}

Theorem 6.2. Suppose that f € S;,(T'y(N))*. Then the function A(f,s) extends to an entire
function on C, which satisfies the functional equation

A(f,s) = £NSF2A(f k— s).

In particular, the L-function L(f,s) has an analytic continuation to all of C.

Proof. Define A y(s) = N*/2A(f,s), and note that we must show that Ay(s) = £Ay(k — s).
By changing t — t/v/N we get

o dt > dt
An(s) = N*/2 / flanye S = / it VW
0 0
We break the integral at ¢ = 1. Note that the piece

| sty

converges to an entire function of s, because f(it/v/N) = O(e~2"/VN) when ¢t — co. As for
the other part, use that (Wyf)(i/(vV/Nt)) = t* f(it/v/N) to get

[ st = [ /e g = [ v/ me .

Again, since W,, f = +f this converges to an entire function. As for the functional equation,
note that we have obtained

Ap(s) = / h (fit/ VNt + f(it |V N)th=) % = 4+ A5k — s).
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6.4 Relation to elliptic curves

Let E/Q be an elliptic curve. It can be thought of as the set cut out by an equation of the
form
E:Y?=X34+AX+B, ABecZ,

such that the discriminant A of X3 + AX + B is nonzero. The coefficients of this equation
can be reduced modulo any prime p and the conductor Ny of E is an integer whose prime
divisors are precisely the prime divisors of N (although in general Ny # Ag. One can define
an L-function attached to F via the following Euler product:

LB s) =[]t —a,Ep)" [T @ —a,(B)p~ + 727", R(s) > 3/2.
pINg PINg

where a,(F) =1+ p—#FE(F ). Here, by E(F,) we mean the set of points of (the reduction
of) E over the finite field F,, where we always include the “point at infinity™.

It turns out that elliptic curves arise from modular forms, thanks to results of Eichler and
Shimura.

Theorem 6.3. Let f € Sy(I'y(N)) be a normalized eigenform whose Fourier coefficients
a,(f) are all integers. Then there exists an elliptic curve E; defined over Q such that

L(Ef, s)=L(f,s).

Proof. Construction of E;. Consider the differential form w, = 27mif(z)dz, and write H* =
HUP!(Q). To a point 7 € H* we attach the following complex number

() :/waeC.

oo

Let v € I'y(N). Then note that
VT
By =vym) —e(1) = / Wy

does not depend on T

T T oo Yoo
0o Yoo T
T > o
Yoo
= wf
o]
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Therefore if denote by A, the following subset of complex numbers

Yoo
r={a,= [ wrlvenm}ee

we get a well-defined map
Lo(N)\H* — C/A4.

One can show that Ay is a lattice, and define E to be the elliptic curve corresponding to the
complex torus C/A - 1t is considerably harder to show that E is defined over Q, and that
L(Ey,s) = L(f,s). O

We may wonder about a converse to the previous result. That is, given an elliptic curve E of
conductor N, can we find a cusp form of level N having the same L-function as that of E?
Let us give a name to the elliptic curves E satisfying this property.

Definition 6.3. We say that E is if there is a newform f € S,(I'4(Ng)) with a,(E) = a,(f).
Equivalently, if L(E,s) = L(f,s).

The following theorem, which gives a positive answer to the question we asked, is one of the
hallmarks of XX-century number theory. Its proof, spanning hundreds of pages of difficult
mathematics, relies on breakthrough work of Andrew Wiles in the nineties, although the full
proof needed extra work of Taylor-Wiles and Breuil-Conrad—Diamond—Taylor.

Theorem 6.4. Let E/Q be an elliptic curve. Then E is modular.

Thanks to the above theorem, the L-function of E extends to an entire function, which satisfies
a functional equation relating L(FE, s) with L(E,2—s). In fact, there is no known proof of these
two facts that does not need modularity of E. Finally, the Birch-Swinnerton-Dyer conjecture
is a prediction about the behavior of L(E, s) near s = 1. Recall that the set of points E(Q) of
E which have coordinates in the rational numbers has a structure of a finitely-generated group
(this is the Mordell-Weil theorem).

Conjecture 6.1. Let E be an elliptic curve defined over Q. Let L(E,s) be its L-function.
Then
ord,_; L(E,s) = rank; E(Q).

This conjectures is one of the ten “Millennium” problems proposed in 2000 by the Clay
Mathematics Institute, and it is worth 1M$. Very little is known of it. For instance, one does
not yet know how to show the particular case
?
L(E,1) =0 = E(Q) infinite.

However, thanks to work of B.Gross, D.Zagier and V.Kolyvagin, one has the following result.
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Theorem 6.5. Let E/Q be a modular elliptic curve.

1. Suppose that L(E,1) # 0. Then E(Q) is finite.
2. Suppose that L(E,1) =0 and L' (E,1) # 0. Then E(Q) has rank one.

That is, BSD holds if we assume a priori that ord,_; L(E, s) is at most one.

The proof of this is also very difficult and uses crucially the modular form fj attached to E by
modularity. This is nowadays no restriction, since by the modularity theorem we know that all
elliptic curves over Q are modular. However, the result of Gross—Zagier and Kolyvagin was
proven in the eighties, before modularity was proven (or even thought to be attainable). A
crucial ingredient that goes in the proof is to be able to produce, in the case of L(E,1) =0, a
point P € E(Q) which has infinite order, as predicted by BSD. It is an open problem to find
a point of infinite order in F(Q) knowing that ord,_; L(E,s) > 2. This is an example of the
recurring phenomenon in mathematics: it is easy to construct objects that are uniquely defined,
in what could be thought of as a perverse manifestation of the “axiom of choice”.

92



7 Modular symbols

7.1 First definitions

Let A be an abelian group.

Definition 7.1. An A-valued is a function
m: P1(Q) xP(Q) — A, (r,s) > m{r— s}
satisfying, for all 7, s and ¢ in P,(Q),
1. m{r — s} = —m{s — r},
2. m{r — s} +m{s —t} =m{r —t}.

Denote by M(A) the abelian group of all A-valued modular symbols. We will also write
M =M(C).

The group GL,(Q) acts on M (A) on the left, by the rule

(ym){r — s} = m{y~tr — 47 1s}.

We are interested in modular symbols invariant under a congruence subgroup I' C SL,(Z) and,
to simplify the exposition, we will concentrate on I' = I';(/V). The most important examples of
modular symbols will arise from integrating modular forms. Let f € S5(I'y(N)) be a newform,
and define

A{r — s} = /3 2rif(z)dz.

r

Note that since f is a cusp form the above integrals converge. Moreover, they can be explicitly
computed: choose some 7 € H and write

/s 2rif(z)dz = /T 2mif(z)dz + /5 2mif(z)dz.

T T T

If » = 0o then the integral from x to 7 can be calculated with the formula

T © 4 _
2 — n 27rzn7"
/ mif(z)dz g e
0 n=1
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Otherwise, choose a matrix 7 € SLy(Z) with yoo = r and reduce to the case above, using the
change of variables

/T T2m’f(2)dz: /Oo Tszm‘f(vz)d(fyz): /Oo 771T27Ti(f’2f)/)(z)dz.

A priori the modular symbol A, belongs to M (C), although a deep theorem of Shimura gives a
much more precise description of its values. Define the plus-minus symbols

N{r — 5} = 2ri ( / T (o) + / b f(z)dz) .

-T
Theorem 7.1. Let f € So(I'y(N)) be a newform such that
[e.e]
flq) = Zanq”, a, =1,a, € Z.
n=1
There exists Q;{ € R and Q; € iR such that
Alr — s} € Q5 Z.
Th ar\f € M(Z).
erefore oz s (2)
A crucial property of A\, and thus of )\JjE is their invariance with respect to I'j(NV):

Proposition 7.1. We have, for all v € T'j(N),

A{yr —> st = Ap{r — s}

Proof. Write w; = 2mif(z)dz, and note that:

s s s
)\f{wr—>75}:/ wf:/ wf|27:/ wp=A{r — s}.

yr T T

O]

In the next section we will study the space of I'j(/N)-invariant modular symbols in more
detail.
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7.2 The Eichler—Shimura isomorphism

Write MTo() for the space of I'y(N)-invariant modular symbols. It is equipped with an action
of the Hecke operators T, with p { N, via the formula

p—1 . .
(T,m){r — s} :m{pr—>ps}+2m{r+‘7 — S+‘]}.

— p p

7=0

Proposition 7.2. The map f = Ay is an injective, C-linear Hecke-equivariant map.

Proof. Assuming that A, = 0, define the following holomorphic function on HU PYH(Q):

F(r) = /OO “orif(2)dz.

Note that F(y7) — F(r) = A{r — ~r} for any choice of r € P'(Q). Since by assumption
Ap{r — 7} is zero, we get that F'is I'o(IN)-invariant. Therefore F'is bounded on H, and hence
is constant by Liouville’s theorem. Therefore F’(7) = 0. But note that by the fundamental
theorem of Calculus F’(7) = 27wif(7). Hence f = 0. O

In order to investigate the image of f + A, we first need to know the dimension of M To(NV),

Let g = dim S5(I'y(N)) and let s be the number of cusps of I'y (V).
Theorem 7.2. The space MToWN) has dimension 2g + s — 1.

Therefore the map f +— Ay cannot be surjective, and in fact it will fail to be surjective in two
ways. First, complex conjugation gives a natural action on MTo(N) by

m{r — s} = m{r — s}.

However A; is the modular symbol attached to 2mif(z)dz = —2mif(z)dz, which we didn’t
consider. Therefore we get a new homomorphism

A Sy(To(N)) @W — Mo,

which is still injective and its image has thus dimension 2¢ inside the 2g + s — 1-dimensional
space MToV),

Secondly, we need to consider the so-called .

Definition 7.2. A I'j(V)-invariant modular symbol m is called FEisenstein if there exists a
[y (N)-invariant function M: P1(Q) — C such that

m{r — s} = M(s) — M(r), r,s€PYQ).
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The space of Eisenstein modular symbols has dimension s — 1 and is linearly disjoint from the
image of X above. This gives a complete description of MTo(N)

Theorem 7.3. The map A gives a Hecke-equivariant isomorphism

My(Ty(N)) @ Sy(T(N)) — M),

7.3 Computation of modular symbols

One important feature of modular symbols is that they are computable. That is, we can
calculate the space MToN) without using the Eichler-Shimura isomorphism and thus avoiding
the computation of path integrals. The key to making this possible consists in noticing that a
modular symbol m is determined by “a few” of its values m{r — s}.

Definition 7.3. Two elements a/b and ¢/d in P}(Q) are if ad — bc = +1. Here, we use the
convention that these fractions are in reduced terms, and oo = 1/0.

The following lemma is crucial in the algorithms for computing with modular symbols.

Lemma 7.1. Any two elements a/b and c/d in P1(Q) can be joined by a succession of paths
between adjacent cusps.

Proof. Tt is enough to see how to join a/b to co. We will find ¢t/a’ € P,(Q) such that:
{a/b — o0} ={a/b— t/a'} + {t/a’ — 0}.
Choose o’ satisfying
aa=1 (modbd), |a'|<b/2.

Next, choose t such that
aa’ — bt = 1.

Then {a/b — t/a’} is a path joining adjacent cusps, and we reduced to a problem of smaller
size, since |a’| < b/2. One can see how to adapt the Euclidean algorithm that computes the
greatest common divisor of a and b to perform the above calculation. O

Example 7.1. Consider a/b = 2/3 and ¢/d = 1/0 = co. Then these are not adjacent, but note
that 2/3 is adjacent to 1/2, that 1/2 is adjacent to 1/1, and 1/1 is adjacent to 1/0. Therefore
we have have joined the cusps 2/3 and oo with a chain of adjacent cusps.

2/3~1/2~1/0~1/0
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Using the first defining property of modular symbols, the above proposition says that a modular
symbol is determined by the values m{r — s} where r and s are adjacent. That is, a modular
symbol is completely determined by its values on

a c
FO(N)\{(E, 3) | ad — be = 1} .
To study this set, define the projective line over Z/NZ as
PHZ/NZ)={(z:y) € (Z/NZ)?| ged(w,y,N) =1}/ ~,

where (z : y) ~ (2’ : 3') if and only if there is u € (Z/NZ)* such that " = uxr and y" = uy.
Lemma 7.2. The set To(N)\{(%,5) | ad —bc =1} is in natural bijection with P*(Z/NZ).

Proof. First, note that the set {(%,5) | ad —bc =1} is in bijection with SLy(Z) via
(a/b,c/d) = (). So to conclude the proof we need to show that the map (25%) = (c: d)
induces a bijection

[o(N)\SLy(Z) — PY(Z/NZ).

To see this, note that the map is surjective, since given (c : d) € P1(Z/NZ) we can find a matrix
in SLy(Z/NZ) whose second row is (c,d). Using that SLy(Z) — SLy(Z/NZ) is surjective we
can lift this matrix to SLy(Z). Secondly, if two matrices in SL,(Z) map to the same element in
PY(Z/NZ) then modulo N these matrices are of the form

(au‘1 bu~!

cu du

N, = (‘Zj Z) (mod N), 7, = ) (mod N).

Then note that the product v,75% is 7,75t = (§9) (mod N), and hence the matrices in
SLy(Z) are in the same coset for I'j(N). O

Therefore a modular symbol m is determined by the function
[]: PL(Z/NZ) — C, [b:d],, =m{a/b— c/d}, ad—bc=1.
In particular, the dimension of MTo(N) is finite, bounded by #P'(Z/NZ).

Note, however, that not all functions P*(Z/NZ) — C represent a modular symbol. In fact,
for such a function to be a modular symbol it has to satisfy some linear relations coming from
the two axioms defining modular symbols.

Proposition 7.3. A function ¢: PY(Z/NZ) — C satisfies p = [],,, for some modular symbol
m € MToWN) if and only if
1. p(z) = —p(=L), for allz € PY(Z/NZ).

2. p(x) = p(;5) + ez +1), for all x € PY(Z/NZ).
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Proof. Suppose that ¢ = [],. for some modular symbol m € MTo™N) and let 2 = [b: d] €
P'(Z/NZ). Then

o) = plbs d) = b d],, =m {5 — °}
— —m{:—; — %} = —[=d: b],, = —p(—1/2).

Similarly, we compute
a c a a+c a—+c c
pla) = lbs d) = o: dl, =m{§ — S} =m{§ — S {020 S
x

b dl + B+ ds d)y = () +le+ 1),

O]

The above proposition allows for an algorithm that computes the space MToV) by solving
the linear system of equations for ¢. Moreover, the Hecke action is also computable on this
resulting representation. The details of this were worked out for the first time in [2].

7.4 A worked out example

We compute the space of modular symbols for I';(11). First we enumerate the elements of
PY(Z/117):
PY(7/117) = {o0,0,1,...,10}.

Using the two-term relations of Proposition 7.3 we find that if ¢ € M(I';(11)) then:

Similarly, we find:

p(1) = —p(10)
¢(2) = —p(5)
p(3) = —p(7)
p(4) = —p(8)
¢(6) = —p(9).

Therefore an M-symbol ¢ is determined by its values on 0,1,2,3,4,6. Now we find the 3-term
relations:
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x o 01 2 3 4 5 6 7 8 9 10
z+1 oo 1 2 3 4 5 6 7 8 9 10 0
T 1 0 6 8 9 3 10 4 5 7 2 o0

The table above is to be read as follows. For example, the first column says ¢(00) = ¢(00)+p(1).
The last column implies, in turn, ¢(10) = ¢(0) + ¢(c0). We see from the first column that
(1) = 0 (and thus ¢(10) = 0). Column 3 gives then that ¢(6) = —¢(2), and Column 4 gives
©(4) = ¢(3) — ¢(2). All the other columns are redundant, and so any modular symbol ¢
is (freely) determined by its values on 0, 2 and 3. We can write down a basis {f,g,h} for
M(To(11))

o 0 1 2 3 4 5 6 7 8 9 10
t 110 0 00 0 0 O 0 0
g 0 0 01 0 -1 -1 -1 0 1 1 O
h 0 o 0011 0 O -1 -1 0O

Next we calculate T, acting on the basis {f, g, h}. Since we have only given the definition of
T, on modular symbols, we will need to relate the M-symbols {f,g,h} to their corresponding
modular symbols. We will abuse notation and use the same notation for those. Each element
of P1(Z/NZ) can be lifted to a matrix in SLy(Z). In fact, we can write the following table:

z=(c:d) €PYZ/NZ) (2%)€eSLy(Z) 2 — 3
9 (5 31) —1/2 — —1
3 (27) —2/3 — —1

Let us write T, f = af + bg + ch, with a,b, ¢ to be determined. Note that a = (75 f)(0), and
thus we compute:

07, (1) = (Tym){o0 — 0}

Y S Y i S WY ik N
Y 1 2 2 2 2

:m{oo—>()}—|—m{oo—>0}—|—m{ooﬁé}

:2m{oo—>0}+m{oo—>1}+m{1—>%}

= 2[O]m + [(0 1)]m + [1: 2]7”
= 3[0],,, + [1/2],,, = 3[0],, + [6],,-
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Analogous computations give

Note that we could express the resulting values in other ways using the relations for M-symbols,
so the above equations are not unique. In any way, this allows us to find that

T2f = 3f7 T2g = _f - 297 T2h = —2h.

We find then that the matrix of 7}, in the basis {f, g, h} is

3 —1 0
[T2] =10 =2 0 ’
0 0 =2

whose eigenvalues are 3 and —2 (the eigenvalue —2 with multiplicity 2). Since we have a
decomposition M (I'y(11)) = E@ 55(I'y(11)) & 55(Iy(11)), we deduce that dim .S, (I'y(11)) =1
(and also dim & = 1). Moreover, if F' € S,(I';(11)) is any nonzero cusp form, then we know
that T,F = —2F, so ay(F) = —2.

Similar computations would give us the Hecke eigenvalues for all T}, operators (with p # 11).
By the Eichler—Shimura construction, these numbers are telling us the number of points of a
certain elliptic curve. In fact, let F be the elliptic curve of conductor 11 given by the equation

Ejq:y® +y = —2* =10z — 20.
When reduced modulo 2, we get E:
By :y? +y=a®+2°

Note that
#E([F2) = #{OO’ <07 0)7 (07 1)7 (1’ 0)? (1’ 1)} =9,

which matches with the prediction from the modular symbols computation: we expected
p+1—#E(F,) =a, and, in fact: 2+1—-5=—2.

100



Bibliography

[1]

Jan Hendrik Bruinier et al. The 1-2-3 of modular forms. Ed. by Kristian Ranestad.
Universitext. Lectures from the Summer School on Modular Forms and their Applications
held in Nordfjordeid, June 2004. Springer-Verlag, Berlin, 2008, pp. x+266. isbn: 978-3-540-
74117-6. doi: 10.1007/978-3-540-74119-0. url: https://doi.org/10.1007/978-3-540-74119-0.

J. E. Cremona. Algorithms for modular elliptic curves. Second. Cambridge University
Press, Cambridge, 1997, pp. vi+376. isbn: 0-521-59820-6.

Fred Diamond and Jerry Michael Shurman. A first course in modular forms. Vol. 228.
Springer, 2005.

Jean-Pierre Serre. A course in arithmetic. Vol. 7. Springer Science & Business Media, 2012.

101


https://doi.org/10.1007/978-3-540-74119-0
https://doi.org/10.1007/978-3-540-74119-0

Index

automorphic form, 13
Bernoulli numbers, 16

cusp form, 13
cuspidal, 13

Eisenstein, 95

general linear group, 8
graded ring, 13

holomorphic at infinity,
13

meromorphic at infinity,
13
modular form, 13

newform, 93

partition function, 5

102

Ramanujan’s tau, 6

space of modular forms
with character,
63

upper half-plane, 8

weakly modular, 12



	Preface
	Modular forms of level one
	Two examples
	The upper half-plane
	Basic definitions of modular forms
	Eisenstein series
	Fundamental domains
	Valence formula
	A product formula for \Delta(z)
	Growth of Fourier coefficients

	Modular forms for congruence subgroups
	Congruence subgroups
	Cusps
	Fourier expansion at infinity
	Expansions at cusps
	Definition of modular forms
	Valence formula for congruence subgroups

	Moduli interpretation
	Lattices and tori
	Tori and elliptic curves
	Moduli interpretation for \Gamma_0(N) and \Gamma_1(N)

	Hecke Theory
	Double coset operators
	Hecke operators for \Gamma_1(N)
	The Hecke algebra
	Petersson inner product
	Atkin-Lehner-Li theory

	Eisenstein series
	Eisenstein series for congruence subgroups
	Eisenstein series for \Gamma_1(N)

	L-functions
	Basic definitions
	L-functions of Eisenstein series
	L-functions of cusp forms
	Relation to elliptic curves

	Modular symbols
	First definitions
	The Eichler–Shimura isomorphism
	Computation of modular symbols
	A worked out example

	Bibliography
	Index

